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LIMIT THEOREMS FOR FUNCTIONALS OF
MIXING PROCESSES WITH APPLICATIONS TO
U-STATISTICS AND DIMENSION ESTIMATION

SVETLANA BOROVKOVA, ROBERT BURTON, AND HEROLD DEHLING

ABSTRACT. In this paper we develop a general approach for investigating the
asymptotic distribution of functionals X, = f((Z,+k)kez) of absolutely reg-
ular stochastic processes (Zn)nez. Such functionals occur naturally as orbits
of chaotic dynamical systems, and thus our results can be used to study proba-
bilistic aspects of dynamical systems. We first prove some moment inequalities
that are analogous to those for mixing sequences. With their help, several limit
theorems can be proved in a rather straightforward manner. We illustrate this
by re-proving a central limit theorem of Ibragimov and Linnik. Then we apply
our techniques to U-statistics
Un(h) = ﬁ S h(Xi, X))
2/ 1<i<j<n

with symmetric kernel A : R Xx R — R. We prove a law of large numbers,
extending results of Aaronson, Burton, Dehling, Gilat, Hill and Weiss for ab-
solutely regular processes. We also prove a central limit theorem under a differ-
ent set of conditions than the known results of Denker and Keller. As our main
application, we establish an invariance principle for U-processes (Upn(h))p, in-
dexed by some class of functions. We finally apply these results to study the
asymptotic distribution of estimators of the fractal dimension of the attractor
of a dynamical system.

1. INTRODUCTION

In this section we provide some motivation for the research presented in this
paper, and present some key examples. We will mainly show how functionals of
mixing processes occur naturally in the study of dynamical systems, and how U-
statistics enter in the context of dimension estimation.

1.1. Examples.

Definition 1.1. Let (Q, F, P) be a probability space and let (Z,,)necz be a station-
ary stochastic process.

(i) We call a sequence (X, )nez a two-sided functional (or simply functional) of
(Zn)nez if there is a measurable function f defined on R% such that

(1.1) Xn = f((Znik)kez)-

Note that (X,,)nez is necessarily a stationary stochastic process.
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(ii) Similarly, if (Z,,)n>0 is one-sided and if
(1.2) Xn = f((Znsr)k=0)

for n > 0 and measurable f, then (X,)n>0 is called a one-sided functional of
(Zn)nzo-

Such functionals arise naturally in statistics and in the theory of stochastic pro-
cesses. For example, an autoregressive process of order p is defined as a solution to
the stochastic difference equation

(1.3) Xn=mXna+aXn o+ ... +apXn_p+ 2,

where a1, ... ,a, are fixed real numbers, and (Z,),>0 is an i.i.d. process. Autore-
gressive processes play an important role in the analysis of time series. If all roots
of the characteristic polynomial a(z) = apz? + ap—12P~1 + ... 4+ a1z — 1 lie outside
the unit circle, then (I3]) may be iterated backwards to express

[e.e]
(1.4) Xn=Zn+ > buZnoi
k=1

so that (X, )n>0 is a one-sided functional of the i.i.d. process (Z,)n>0-

Functionals also arise naturally in the theory of dynamical systems. Thus given
(X, )nez representing observables on a dynamical system we may often be able to
reverse the process above and find (Z,,),cz defined in terms of a partition so that
(X )nez is a functional of (Z,,)nez.

If (X,)nez is a stationary process, then there is always a measure-preserving
dynamical system (X, A, u,T) so that (X, A, ) is a probability space and T :
X — X is invertible, measurable, and measure-preserving so for all A € A we
have (T~ 1A) = p(A). Further there is a measurable function ¢ defined on X so
that X,, = ¢ o T™. Assume now that (2, F, P) was sufficiently rich and coincides
with (X, A, u). If @ = {Qs : @ € A} is a measurable partition of 2, then we
get another stationary process (Z,),>0 with state space A defined by Z,(w) = «
if and only if w € Q. Define A" = o0(Z,, Zny1,... ,2Zm) for m > n and A =
o0(Zj,j €1I). Qis agenerator for T if Az = F up to sets of measure 0. In this case,
(X )nez is a functional of (Z,,)nez, so there is an f such that Xy = f((Zn4r)kez)-
The point for any given (Q,F,P,T) is to find a process (Z,)nez with as little
dependence as possible and the function f to have continuity properties as strong
as possible. In most cases we will construct the partition () to be finite or countable.
If (X,,)nen is a one-sided process, then the same formalism holds but in that case
the transformation T': X — X is not invertible and the functional is one-sided.

Definition 1.2. A process (Z,)nez is called absolutely regular (also known as
weak Bernoulli) if 8 — 0 where

B = zsup{ sup (P(AJAT) - P(A))}
n AEAXR
I J
= sup{sup» Y |P(AiNBj)— P(A;)P(B;)|
n i=1 j=1
where the last supremum is over all finite A-measurable partitions (A, ..., Ar)

and all finite A°_ ,-measurable partitions (B, ..., By).
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The Ornstein isomorphism theorem of ergodic theory tells us that every process
which is a functional of a countable-state weak Bernoulli process is also a func-
tional of a countable state i.i.d. process although the functional may be highly
discontinuous.

Other notions of weak dependence are similarly related to the mixing coefficients

ar = sup sup sup |P(ANB)— P(A)P(B),
n ACA} BEAT,,
¢p = sup sup sup |P(B[|A)— P(B)|,
n ACAP BEAZ,,
P(ANB)
= sup sup Sup |————— —1].
v n ACA} BEAZ,, |P(A)P(B) |

A process is called strong mixing (respectively uniformly mixing, and -mixing) if
a — 0 (respectively ¢ — 0, ¢ — 0). Since ¢y > ¢ > B > o, we see that
1-mixing implies uniform mixing, which again implies absolute regularity, which
finally implies strong mixing.

In the rest of this section, we provide some key examples illustrating the above
ideas.

Example 1.1. Consider the doubling map T : [0,1) — [0,1) defined by T'(z) =
2z [mod 1]. Given an initial value X with uniform distribution on [0, 1) we generate
a stationary stochastic process (X, )n>0 by X, = T"(Xo). Xo may be expressed in

binary expansion
— Z
n
Xo = Z on+1

n=0

where (Z,)n>0 are iid. with P(Z, = 0) = P(Z, = 1) = 1/2. The partition
in this case is @ = {Qo = [0,1/2); Q1 = [1/2,1)}. Thus (X,,) is a functional of
(Zy). The map Xo = f(Zo, Z1,...) is Lipschitz in the sense that if ag = ay, a1 =
al,...,an_1 =al,_q, then |f(ap,a1,...) — f(ap,ai,...)| <27

Definition 1.3. (i) A two-sided functional f : R% — R is called Lipschitz if there

are constants C' > 0 and 0 < « < 1 such that for any two sequences (a,)nez and
(al)nez satistying a,, = al, for = < n <1 we have

[f((an)) = f(ay))] < Cal.
(ii) Similarly, a one-sided functional f : RN — R is called Lipschitz if a,, = a/, for
0 < n <! implies

[f((an)) = f((a)] < C,

again for some constants C' > 0 and 0 < a < 1.

If f is a Lipschitz functional and X,, = f((Z,)nez), then (X, )nez is called a
Lipschitz functional of (Z,,)nez (similarly in the one-sided case). In many examples,
the Lipschitz property is too strong to hold. We thus introduce in the next definition
a weaker form of continuity, the so-called r-approximation condition.

Definition 1.4. Let r > 1 and define the o-fields A", = o(Z_,...,Z;). Sup-
pose (ar);>0 are constants with a; — 0. We say that (X,,)necz satisfies the -
approximation condition if

(1.5) E|Xo — E(XolAL)|" < ay.
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Alternatively, we say that (X, )nez is an r-approximating functional with constants
(a1)i>0 of (Zn)nez. We make a similar definition in the one-sided case.

Example 1.2. Let (Z,,),>0 be i.id. with P(Z, =0) = P(Z, = 1) = P(Z, = 2)
=1/3, and define

Xo = f((Zn)n>0) = Z 2111

1=0

where 41 = inf{i > 0|Z; # 2} and ¢+1 = inf{i > 4|Z; # 2}, and Xy =
f((Zn+k)n>0).- Then (X,)n>0 is a one-sided functional of an i.i.d. process but
the functional is not Lipschitz as in Example[[.I] We do have for r > 1, and some
C>0,0<a<l,

E(|Xo — E(XolAD)|") < Ca™,

Example 1.3 (Regular Continued Fractions). Let X = [0,1) and define the map
T:X — X by T(x) = £ — |1]. Gauss measure on X, given by the density

x T
flx) = @Hﬁ is an invariant distribution for 7. Thus if X, is distributed

according to the Gauss measure, and if X,, = T"(Xj), then (X,,)n>0 is a stationary
stochastic process. Let Zy = LXLOJ and Z, = ||, so that
1

Xo = f((Zn)nZO) = Zo +

1

Zl+22}+...

The partition in this case is Q@ = {Q; : ¢ > 1} where Q; = [H%l, %) The functional
is Lipschitz as in Example [T.1] but the process is not i.i.d. It is however 1-mixing,
and thus also absolutely regular.

Example 1.4 (Piecewise expanding maps of [0, 1]). Suppose T : [0,1] — [0,1] is
piecewise smooth and expanding. This means there are closed intervals Jp, ..., Jy
such that [0,1] = Ujvzl J; and J; N J; is at most one point for ¢ # j. Further
T restricted to J; is monotone, C? and satisfies |T/(x)] > A > 1 for all z in
the interior of J;, for some uniform constant A. Then T preserves an absolutely
continuous probability measure. If (Z,)nez is the process associated with the above
partition Ji, ..., Jy, and if T is totally ergodic, then (Z,,)nez is absolutely regular
(Hofbauer and Keller [31]).

Example 1.5 (Automorphisms of the 2-torus). Let II? = St xSt A = ( 1 (1) )v
and define T : I1? — II? by

(2)-4(3)- (1Y

This defines an automorphism of the torus and preserves the Haar measure, which
in this case turns out to be the Lebesgue measure. If Xy has Lebesgue measure as
distribution, then X, = T"(Xj) defines a stationary process. The eigenvalues of
A are %\/g There is a partition @ = {Qo, @1} where Qg, Q1 are rectangles with
sides along the eigenvectors. If Z,, = a < X,, € Q4, then Z,, is a mixing Markov
chain, and hence absolutely regular. Further (X,,),>0 is a Lipschitz functional of
(Zn)n>0. This construction applies to any automorphism of 112 with an eigenvalue
which is not a root of unity (Adler and Weiss [2]).
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Example 1.6 (Natural extension of the regular continued fraction) On X =
[0,1) % [0,1) we define the two-dimensional Gauss measure loé2 {iapz dwdy. Define

T:X — X by
1 1
T(x,y)=|—-—Zyp, ——
(z,v) <x 0Z0+y)

where Zo(z,y) = | 2]. If X, has Gauss measure as distribution, and if X,, = T"(X)
forn € Z and Z,, = LXLJ, then (X, )nez is a functional of (Z,,)nez. This is a two-
sided version of Example [[3] (Nakada, Ito and Tanaka [35]).

1+zy)

Example 1.7 (Nearest integer continued fraction). In computing continued frac-
tions we can round down as in the regular continued fraction or round up. The
nearest integer continued fraction rounds whichever way is closest. In this case T
is naturally defined on [—3,1). Let

o34

so that © = =% where € = sgn(z) and Zy = L‘x 1.
Again we have a natural extension. Let ¢ be the positive root of P +p—1=0,
and let X = [—1,0) x [0,1 — ¢) U [0, 3) x [0,¢). Define T': X — X by

72

T@w:<ﬂ@ﬁ—L_)

Zo + €0y

This preserves the measure T +;cy)2 dxdy. The natural partition is Q = {Q; : i =
+£2,43,...}, Q: = {(z,y) : i = €0Zp}. The process (6,2 )nez is absolutely regular
and (T™(z,y))nez is a Lipschitz functional of (€,Zy)n>0 (Nakada [34]).

Example 1.8 (Natural extension of Rosen continued fractions). We generalize
Example [[77] Fix an integer ¢ > 3 and let A\, = 2cos(§), and define the map

ﬂm:éT¢§E+HA

This amounts to approximating ‘ I by the nearest multiple of \. (If ¢ = 3 we
get Ay = 1, and we are back in the nearest integer case ) Then we can express x
as & = s, where ¢ = sgn(z) and Zp = | X T 1]. We can ﬁnd a finite
union of rectangles X C [—1,1] x [0, 1] with probability measure

|z

| (1+9cy)2 dxdy so
that the natural extension T'(z,y) = (Tz, m) is measure-preserving. Again

the process (€, 2y, )nez is known to be absolutely regular (Burton, Kraaikamp and
Schmidt [14]).

Example 1.9. Suppose we have a diffeomorphism T': M — M of a compact Rie-
mannian manifold M. A point x € M is non-wandering if there is a neighborhood
U of x so that Tz ¢ U for n > 1. (M, T) is called Axiom A if

e M is the closure of the non-wandering points,

e the periodic points are dense,

e T is hyperbolic, i.e. the tangent space of DT splits into expanding and con-
tracting subspaces.

In this case T preserves a natural absolutely continuous measure. A theorem of
Bowen [I1] states that any sufficiently fine finite partition with piecewise smooth
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boundaries is a generator and that the resulting sequence (Z,),cz is absolutely
regular. One class of examples is the class of automorphisms of the torus.

Example 1.10. Fix real numbers a,b and define T : R?> — R? by T(z,y) =
(y,y?+b—ax). For some a, b this map appears to have a fractal attractor. Little is
known about this map rigorously. However, extensive simulations have been carried
out. Some believe this map to have an ergodic measure and a weak Bernoulli
generator.

An independent iterated function system is a stochastic process obtained by
composing an i.i.d. sequence of transformations (Barnsley [4]).

Definition 1.5. Let (X,d) be a bounded metric space and (F,)n>0 an ii.d. se-
quence of transformations F, : X — X. Suppose the diameter of X is < 1. Let X
be an X-valued random variable and define

Xn:FnO~'~OF1(X0).

The Markov chain (X,,)n>0 is called an independent iterated function system (ab-
breviated IIFS).

The following definition appears in Burton and Faris [L3].

Definition 1.6. An independent iterated function system is called superstable if
1. there is an invariant probability measure p on X', i.e. if X has distribution
1, then X, has the same distribution.
2. there are constants K > 0, > 0 so that for every pair x,y € X there is a
random variable W = W, , < 0o a.s. with

d(Fyo---0F(z),F,o0---0F(y)) < Ke 7(»=W)

Theorem 1. A superstable IIFS ((F,,)n>1, Xo0) has the property that X,, converges
in distribution to the invariant measure.

Proof. Let v denote the distribution of Xy and let Y be a random variable with
the invariant distribution p. Let f be bounded and uniformly continuous. Then

|Ef(Xn) = Ef(Y)| = |E[f(Fao--- 0 Fi(Xo)) = f(Fn o0 Fi(Y))] =0,

since F,,0---0 F1(Xg)— Fyo0---0F1(X) — 0, f is uniformly continuous, and using
the bounded convergence theorem. [l

Now extend the i.i.d. transformations backwards to get a doubly infinite sequence
(Fn)nez- Suppose (X, )nez is stationary and satisfies X,, = F,,(X,,—1) for n € Z.
Assume the superstability condition, then (X,,) is a functional of (F,), in fact this is
a backward one-sided function X = F((X,+k)n<o) by the superstability condition.

Theorem 2. Let (F,)nez and (X, )nez be as above and superstable. Suppose there
is a random variable W which stochastically dominates Wy, for all x,y. Then the
r-approzimation property is satisfied with a, = Ke 7"/% + P(W >n/2).

Proof.
E|Xo—Xg|" = E|Fyo--0F p1(Xon) —Foo---oF p(XL,)["
< E[min(Ke 7= Weu)r )]
= Emin(Ke " W) D1y om] + P(Way > n/2)
< Ke 2 4 P(W > n/2)
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Example 1.11. Suppose F;, is a.s. a strict contraction of R™, i.e. there exists
v > 0 so that |F,(x) — Fu(y)| < e77|lz — yl|. Then we may take W = 0, since
|Fpoo---oFi(x) — F,o---0Fi(y)] < Ce 7. A special case is

Fo(z) = x/3 with probability 1/2,
" 2/3+ /3 with probability 1/2,

and the corresponding invariant measure is Lebesgue measure on the standard
Cantor set.

Example 1.12. Suppose F;, is Lipschitz a.s. on R"™, with Lipschitz constant

||F H — sup ”Fn(x) — Fn(y)”
nll = .
oty |z =yl

If E||F,|| = 2v < 1, then (F,,)nez, (Xn)nez is superstable. We get namely

1 n
log([|[Fro---0F1]) < EZIOgHFz‘H — 2y

i=1
by the strong law of large numbers. Thus we get
|Fn O -~ OFl(QC) — Fn O« - oFl(y)| é e*“/(n*W)

and W is exponentially dominated, that is P(W > n) < Ke #" for some K > 0
and 3 > 0. A special case is

2z with probability 1/3,
F.(x) =4 /3 with probability 1/3,

2/3+x/3  with probability 1/3,
and 2v = 8/9.
Example 1.13 (Kohonen self-organizing neural networks). Let N > 1 be fixed
and let

X ={AC[0,1]: #(A) = N}.
Define on X' the Hausdorff metric
d(A, B) = min[max{|z; — yi| : A= (z1,... ,2n),B = (y1,--. ,y~N)}]-

Let Z1,Z3,... be iid. uniform on [0,1] and 0 < o < 1 be fixed. Let X, be a
random variable with values in & and define X,, 1 to be the set including aZ,, 11 +
(1 — a)x where x is the point in X, closest to Z,, 11, not including the point & but
including all other points in X,,.

This ITFS is used in vector quantization and other applications (see Ritter, Mar-
tinez and Schulten [40]). It is superstable and W may be taken to be exponentially
dominated (Burton and Faris [13]).

1.2. U-statistics and dimension estimation. Let 4 : R¥ — R be a measur-
able function, invariant under permutation of its arguments. Then we define the
U-statistic of degree m corresponding to the kernel h by

-1
n
U, = ( o ) > WXy X)),

1<i1 <-<im<n
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where {X,}nen is a stationary sequence of k-dimensional random vectors with
common distribution F. Halmos [27] and Hoeffding [29] introduced U-statistics as
unbiased estimators for functionals of the form

0(F) :/ka, h(z1, .oy T )dF (1) - - - dF(24).

Already Hoeffding established asymptotic normality of U-statistics in the case of
ii.d. observations. The study of U-statistics of dependent observations has at-
tracted attention in the past years. The main motivation for investigations into
the asymptotics of dependent U-statistics has been provided by the problem of
dimension estimation.

Estimation of the fractal dimension of a strange attractor from a chaotic time
series has attracted considerable attention in the past few years and has become
one of the useful tools in the analysis of the underlying dynamics. Though there are
several notions of non-integer dimensions, most attention has been devoted to the
correlation dimension. This is mainly due to the fact that this type of dimension
is relatively easy to estimate, and it provides a good measure of the complexity of
the dynamics, i.e. the number of active degrees of freedom.

Suppose (X, F, 1, T) is a dynamical system, where ¥ CRP and T : X — X is
a measurable transformation with invariant probability measure p. We define the
correlation integral

Cu(r) = (wx p{(z,y) : [lz -yl <7}
for r > 0. In many examples it turns out that there exists a constant « such that
(1.6) Cu(r) = const - r* asr — 0.

Then the exponent « is called the correlation dimension of p. More formally, one
defines the correlation dimension by

(1.7) Q= linr(l)logC’(r)/logr7

provided this limit exists. Since all norms on a finite dimensional Euclidean space
are equivalent, the correlation dimension is independent of the choice of norm in
the definition of C(r). For computational convenience, often the maximum norm
is taken.

In most practical situations the dynamical system, and thus also the invariant
measure p, are unknown and one has to rely on (partial) observations of a finite
orbit (Tkw)ogkgn of the system. Most models assume that the actual observations
are functions of the state. More precisely, one postulates existence of a so-called
read-out function f : X — R such that y,, = f(T™w) is observed at time n.
Of course, one cannot hope to get much information about the state w by just
observing f(w). This, however, changes completely if one replaces f(w) by the
vector of observations f(T"w) at ¢ consecutive time points, i.e.

Rec(w) := (f(w), f(Tw), ..., f(TT 'w)).

The Takens reconstruction theorem (Takens, [46]) then assures that in generic situ-
ations, Rec : X — RY defines an embedding, provided g > 2p+ 1. Consequently we
can obtain information about the state space and the dynamics of T by studying
the process of reconstruction vectors

X, = Rec(T"w), n > 0.
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Among other things, one can show that the correlation dimension of the invariant
measure j coincides with that of the marginal distribution F of X, again provided
we are in the generic situation and ¢ > 2p+1. For smaller values of ¢, the correlation
dimension of F' will equal the embedding dimension.

It is thus of interest to estimate the correlation dimension of the marginal dis-
tribution of a stationary stochastic process from a finite sample X;,...,X,. A
number of procedures for estimating the correlation dimension has been introduced
in the literature. Grassberger and Proccacia [26] suggested a procedure of esti-
mating « which immediately became widely used by mathematicians and applied
scientists. Their method is based on the observation that the correlation integral
can be written as

C(r)=Cr(r)=P(IX - X' <)
where X and X’ are independent copies of X;. The natural estimator for the
correlation integral from a stationary sequence of reconstruction vectors (X;)i=1,... n
is then the sample correlation integral

2z
n(n—1)

(1.8) Cn(r) = > X - Xl <)

1<i<j<n

(note that C,,(r) is the proportion of pairs in the sample X7, ..., X;, no more than
distance r apart). The correlation integral Cy,(r) is estimated for a vector of dis-
tances (71, ..., ;) and the Grassberger-Proccacia estimate for the correlation dimen-
sion @& is then obtained by fitting least-squares linear regression of log Cy, (r) vs.
log .

An alternative approach to dimension estimation was proposed by Takens [47].
Assume for a moment that in a neighborhood of » = 0 an exact scaling law holds

for the correlation integral, i.e. that
(1.9) C(r) = const -r®, r <o,

for some rg > 0. Then Takens first considered estimating « from i.i.d. realizations
R; = || X; — Yi|| of the distance || X — Y|, where X; and Y; are independent with
distribution p. If (T9) holds, the conditional distribution of U; := R;/r¢ given
R; < rp is given by

P(U; < t|lU; <1) =t*, fort e [0,1].

Then the (conditional) distribution of S; = —logU; is exponential with parameter
«, i.e. S; has density

9(s) = ae™** - 1g,00)(5).
Given an i.i.d. sample S7, Sa, ..., Sy of exponentially distributed random variables,
the Maximum Likelihood estimator (MLE) of the parameter « is given by

(1.10) § N
- AML = SN o
Zi:l Si
It turns out that the ML estimator is biased, but that the variant & = %, is
i

unbiased, and actually the uniformly minimum variance unbiased (UMVU) estima-
tor. This is a simple consequence of the Lehman-Scheffé lemma, and the fact that
Z?[:l S; is a complete sufficient statistic.

In general, independent realizations of the distances || X —Y|| will not be available
and thus a modification of the estimator (LI becomes necessary. Given a finite
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segment X1, ..., X, of an orbit, we can form n(n—1)/2 pairwise distances || X; —X;||.
Motivated by the ML estimator (II0) Takens proposed to use
—1

. 2 12X — X5l
1.11 =— | ——7- log ———
(1.11) ar a2 e

1<i<j<n
as estimator for the correlation dimension.

Note that the sample correlation integral C,(r) is a U-statistics of degree 2
with the kernel function h(z,y) = 1(||]z — y|| < r), and the Takens estimator is
the reciprocal of the U-statistics of degree 2 with the kernel function h(z,y) =
log ||z — y||. Since the data from dynamical systems is not i.i.d., this gives the
motivation for studying the U-statistics of dependent observations.

2. BASIC DEFINITIONS AND INEQUALITIES

In this section we present the basic techniques of our approach towards limit
theorems for functionals of absolutely regular processes. Coupling methods for
absolutely regular processes and their functionals play a central role in this. With
their help we can show that an r-approximating functional can be coupled along
blocks to a process of independent blocks. Coupling will also be the key technique
in establishing new correlation inequalities for functionals.

2.1. Basic definitions and coupling lemmas. From now on, we shall assume
that the underlying probability space (€, F, P) is sufficiently rich to accomodate
all new random variables and processes that will be introduced in the course of our
investigations. In this way we avoid the need for later extensions of the original
probability space. This holds e.g. if, in addition to the original random variables,
an independent random variable with a uniform distribution on [0, 1] exists on
(Q,F,P). This is the essence of the following lemma of Skorohod [44] (in the
formulation of Dudley and Philipp [25]).

Lemma 2.1. Suppose (Q, F,P) is a probability space, S1, Sa are Polish spaces,
and Q is a probability measure on Sy X So. Suppose, moreover, that on this proba-
bility space there are independent random variables X and U where U is uniformly
distributed on [0,1], and X : Q — Sy has distribution Q1, the first marginal of Q.
Then there exists a function g : [0,1] x S1 — S such that (X, g(U, X)) has the
distribution Q.

First, we shall recall some main coupling results for absolutely regular processes,
which will be useful later. The first lemma, due to Berbee [5], states that with
high probability any absolutely regular process can be perfectly coupled with a
copy whose past is independent of the given process. Here, and in what follows, we
denote by a copy of a process another process with the same distribution.

Lemma 2.2 (Theorem 4.4.7 in Berbee [5]). Let (Zn)nez be a stationary and abso-
lutely regqular stochastic process with mizing coefficients (Ox)r>0. Then there exists
a copy (Z;)nez of (Zn)nez satisfying:

(1) (Z!)n<o is independent of (Zn)neN;

(i) P(Z;, = Zy, Z} = Zit1,-..) = 1 = By, for all k > 0.

Definition 2.3. Let M and N be positive integers, (X, )nenN a stochastic process,
and assume that M is even. An (M, N)-blocking of (X,)nen is the sequence of
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Il I2 I3 I4

1
T T

(Zn)n

R S

(Za)n

(Z2)n

(Z3)n

F1cURE 2.1. Coupling as established in Lemma [Z5]

blocks Bi, Bs,... of N consecutive X;’s, separated by blocks of length M. More
precisely,

Bs = (X(sfl)(MJrN)Jr%Jrl? -'-va(MJrN)f%)

for s = 1,2,.... By I; we denote the set of indices in the block By, ie. Iy =
{(s=1)(M+N)+2 +1,..,s(M+N)- 4.

In what follows, the short blocks of length M will often be discarded. Their only
purpose is to serve as separators between the longer blocks to make them almost
independent. Our definition of the blocks was chosen symmetrically, i.e. such that
the sth long block of length N lies in the center of the segment {(s —1)(M + N) +
1,....,8(M + N)}. Given a set if indices I C N, we also define X1 := (X, ¢ € I).
With this notation we have By = X, .

Absolute regularity of a process implies that the sequence of (M, N)-blocks can
be perfectly coupled with the sequence of independent long blocks, which have the
same distribution as those of the original process. This result, which is formulated
precisely in the following lemma, was obtained independently by several authors.
One source is Berbee [B], another is Dehling and Philipp [16], together with an
unpublished note by Berger (see Philipp [39]).

Lemma 2.4 (Theorem 3.4 in Philipp [39]). Let (Z,)nen be a stationary and ab-
solutely regular process with mizing coefficients (Bx)k>0, and with (M, N)-blocks
(Bs)s>1, where M, N are positive integers. Then there exists a sequence of inde-
pendent, identically distributed random vectors (B)s>1, with the same marginal
distributions as (Bs)s>1, such that

P(Bs=B.)=1-fu
holds for all s € N.

We shall frequently use another variant of the coupling idea, establishing the
existence of a sequence of independent copies of the process (Z,,),>1 that are with
high probability perfectly coupled to the original process on precisely one of the
long blocks. (See Figure 2.1.)

Lemma 2.5. Let (Z,)nez be stationary and absolutely regular with mizing coef-
ficients (Br). Then for all integers M, N > 0 there exists a family of processes
(Z3)nez, s =1,2,..., such that

(i) (Z:)nez, s = 1,2, ..., are independent copies of (Zp)nez,

(1)) P(Z, =Z3, Vnel)=1—py foralls=1,2,...



4272 SVETLANA BOROVKOVA, ROBERT BURTON, AND HEROLD DEHLING

Proof. By Lemma [24] there exist i.i.d. blocks (B!)sen with the same marginal
distributions as the (M, N)-blocks (Bs)sen of (Zn)nez satisfying P(Bs; = B.) =
1 — Bp. For a fixed s, we want to define (Z2),ecz such that it has B, as its sth
(M, N)-block. As a consequence of Lemma[ZT] this can be done in such a way that
(i) is satisfied: let (Us)senw be an ii.d. sequence of random variables uniformly
distributed on [0,1]. Write RZ = R!s x R%\/s and let @ denote the distribution
of (Zn)nez. Now the distribution of B, equals the first marginal of @), and hence
there is a function g(Us, B.) such that (B, g(Us, B.)) has the same distribution
as (Zn)nez. Obviously, (Z2),ecz := (B, g(Us, B.)) satisfies the conditions of the
lemma. |

Definition 2.6. A stochastic process (X, )nen is called nearly regular if for any
€,0 > 0 there exists M € N such that for all N € N we can find a sequence (B)s>1
of independent R"-valued random variables satisfying

(i) B. has the same distribution as Bs, the sth (M, N)-block of (X,,)y.

(ii) P(||Bs — B.|| < 6) > 1 — ¢, where ||-|| denotes the L;-norm on R”, that is

N
l|z]| = Zi:l | -

The name ‘nearly regular’ refers to the similarity of this property to absolute
regularity, in the sense that an absolutely regular process can be perfectly coupled
with a process consisting of independent blocks (Lemma [Z4]), while near regularity
implies closeness to such a process, in an appropriate sense. Such blockwise coupling
of weakly dependent processes to an independent process has been introduced in
the seminal paper by Berkes and Philipp [8] and has since then been a succesful
tool in proving various types of limit theorems.

If (Z,)nez is a stationary and absolutely regular process, and (X, )nez is a
functional of (Z,)nez, then the process (X, )necz is also stationary and ergodic.
However, (X,,) will in general not be absolutely regular, since each X is a function
of the entire process (Z,)nez. On the other hand, if the X;’s can be well approxi-
mated by functionals depending on a finite number of Z;’s (and such functionals are
absolutely regular), we can expect all asymptotic results, which hold for absolutely
regular processes, to hold also for (X,)nez.

In the rest of this section, we want to show that r-approximating functionals
with summable rates are nearly regular. In this and in other applications a differ-
ent formulation of the r-approximation condition is required, namely one assuring
closeness of f((Zp))nez and f((Z]))nez in Ly, if (Zn)nez and (Z])nez are two
copies of the same process that coincide on a finite segment of indices m = —I, ... ,l.
The next lemma assures that both definitions are essentially the same.

Lemma 2.7. (i) Let f : R — R be an r-approzimating functional with constants
(@1)i>0, and let (Z])nez be a copy of the process (Zn)nez satisfying Z, = Z], for
n=—l....,1. If Xpn = f(Znyr)kez) and X, = f((Z], .} )vez) are functionals of
(Zn)nez and (Z! )nez respectively, then

E |X0 - X(/)|r § 2Tal,

(ii) Let f : R — R be a measurable function and suppose that for all copies (Z] )nez
of (Zn)nez satisfying Z, = Z,, forn=—lI,...,l we have

E|X, - X}|" < b.

Then f is r-approzimating with constants (by);.
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Proof. Define u : R?**1 — R by u(z_q,...,2)) = E(Xo|Z_1 = 2_4,...,2Z; = z),
and note that by (CH) we get F|Xo — u(Z_4,...,Z)|" < a;. Thus, using the
¢r-inequalities (see Loéve [33]) we find
E|Xo—X(I" = E[Xo—u(Z,...,2) = Xo+u(Zy,...,Z)|
< 2 YHEXo—wZoy,... . Z2) +E|X{—w(Z ..., Z)|}
< 27.0/[)

where we made use of the fact that Z,, = Z/ for -l <n <.

(ii) We define V' = (Zx) _1<k<i and W = (Zk)rez\{-1,... 13- With these abbre-
viations, our condition states that whenever W' = (Z})rez\{—i.... ;3 is such that
(V,W') has the same distribution as (V, W), we have

E[f(V.W) = f(V,W)]" < b

Now let U be a random variable with uniform distribution on [0, 1], and independent
of all the previously defined variables. By Lemma [ZT] there exists a function g such
that (V,g(V,U)) has the same distribution as (V, W) and hence

E[f(V.W) = f(V,g(V.U))]" < b.
Moreover E(f(V,g(V,U))|F.,) fo f(V,g(V,u))du and thus

T

mﬂwW%EUMWWﬂmT—1ﬂmmw—/fmmwww

< B [ 10w - S
= E[f(V,.W)—f(V,g(V.U))"
é blv
where we have made use of the Jensen inequality. O

Corollary 2.8. Let f : R — R be an r-approximating functional with constants
(a1)i>0, and let (Z])nez be a copy of the process (Zn)nez satisfying Z, = Z), for
n=-1...,1l IfX = f((Zn1r)rez) and X, = f((Z, 1 )kez) are functionals of
(Zn)nez and( ! Ynez Tespectively, then

(2.1) P (|x0 ~ x| > (2al)1/2) < (2a)V2.

Proof. This is simply an application of Lemmal[Z7(i) and the Markov inequality. O

Theorem 3. Let (X,)nen be a l-approximating functional with summable con-
stants (ax)k>o0 of an absolutely regular process with mizing rate (Bk)k>0. Then
(Xn)nen is nearly regular. More precisely, given integers K, L, N, we can approx-
imate the sequence of (K + 2L, N)-blocks (Bs)s>1 by a sequence of independent
blocks (BL)s>1 with the same marginal distribution in such a way that

(2.2) P(|B, — B|| < 20z) > 1 — Bk — 20z,
where
(2.3) ag =2 a)'/?

=L

(See Figure 2.2.)
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(Xn)n N | S ¢ SENSSE B
(Zn)n A AN —t —t :
' Jl T J2 " J3 l J4
(Z3)n : - L ;
Bl ' - X
(Zrzt)"l : § — :

(Z3)n ’

F1GURE 2.2. Coupling ideas in the proof of Theorem Bl

Proof. Consider the (K,2L + N)-blocking of (Z,,)nez, and denote the index set
of the sth long block (of length 2L + N) by Js. Let (Z8)nez, s = 1,2,..., be
the independent copies of (Z,)necz, whose existence is given by Lemma 2.8 and
satisfying

(2.4) P(Z;, = 23,) =1-Pk.

Consider now the (K + 2L, N)-blocking of (X, )nen, and let B denote the sth
block of length N and I, the corresponding index set. Let (X2),en be the process
obtained by applying the functional f to (Z:)nez, and observe that these are inde-
pendent copies of (X,,)nen. Denote by B, the sth block of the process (X3)nen,
that is
B, = Xj.

One can now directly see that B., s = 1,2,..., are independent, and that B has
the same distribution as Bg, for any fixed s. Hence condition (i) of Definition 2.0
is satisfied.

To verify (22)) we will approximate By (resp. B.) by a function of Z;, (resp.
Z5.) using the l-approximation condition, and then apply ([Z4). For i € I we
define the function u; : R’* — R by

ui(zg,) = E(Xi|Zici = 2ty s Zit = Zia),

where [ is the largest integer such that {i—1, ...,i+l} C Js. Note that I > L, since i €
I, is at least L away from the boundary of J,. Let v : R’ — R/s be the function
with coordinates u;. Then, by the l-approximation condition E | X; —u;(Z;,)| < ai,
and hence

(oo}
E|IX7, —u(Z) <2) a
I=L
The same inequality holds with X and Z replaced by X* and Z°. By Markov’s
inequality this implies

P(|IX5, —uw(Zi)l 2 ar) < an,  P(IXF, —u(Z))ll Z o) < ag,
where oy, = (2372, a;)'/2. Hence
P(IB.— Bl| >201) < P(|Bs—u(Zs)| > o) + P(Zs, £ 75,
+ P(1B,—u(23)] > ar)
< 2ar + Bk,
thus proving the statement of Theorem [3. [l
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In what follows, we will often require summability conditions on the sequences
(ar)r and (ag)r. We introduce the following notation.

Definition 2.9. Let (ax)r>0 be a sequence of non-negative real numbers. Given
p,q > 0, we say that (ay) satisfies the (p, ¢)-summability condition if

(2.5) Zl”a? < 00.
1=0

2.2. p-continuity. In many situations, we will have to study functions of a given
process (X, )nez which itself is again a functional of an absolutely regular pro-
cess. This occurs e.g. when we investigate the U-statistic (%) doi<ijen MXi X;)

or the empirical distribution function F,(t) = = > | 11y, <. Under certain con-
tinuity conditions on these functions, important properties of (X,,)nez, like the
r-approximation property and correlation inequalities are retained.

Definition 2.10. Let g : R — R be a measurable function, and let F' be some
distribution on R. We say that g is p-continuous with respect to F' if there exists
¢ :(0,00) — (0,00) with ¢(e) = o(1) as € — 0 such that

(2.6) E (l9(X) = g(X)" Lx-x71<e}) < ¢(e)

holds for all random variables X and X’ with distribution F. If the choice of
the underlying distribution F' is clearly understood, we simply say that g is p-
continuous.

Example 2.1. (i) Every uniformly continuous function u : R — R is p-continuous.
In fact, ¢(e) can be chosen to be the modulus of continuity of .

(ii) Note that also discontinuous functions can be p-continuous. Take the in-
dicator function u¢(z) = 1;,<4; and a continuous distribution function F. Then
condition (2:6) is automatically satisfied for all p. Note namely that ¢ < z — ¢ and
|z — 2’| < e imply that ¢ < 2’ and, in the same way, t > x+¢€ and |z — 2’| < € imply
t > a'. Hence

Niz<ty = Lor<ot N {jz—aj<a}t < lo—e<t<ate}
and thus
(2.7)

E (|[1{x<iy — Lixr<opPlgx—xr1<ep) S Ft+¢€) — F(t —€) = ¢(e),

where ¢(€) is some function of € which tends to 0 as e — 0 (because of continuity
of F). If F has a bounded density f, then the r.h.s. of (2.7) is bounded by ¢(¢) =
2[| flloce-

The following proposition essentially states that the l-approximation property
is preserved when instantaneous 1-continuous functionals are applied. This result
will play a major role in our investigations of the empirical process of functionals
of absolutely regular processes.

Proposition 2.11. Let (X,)nez be a 1-approzimating functional of (Z,)nez with
constants (a);>0, and let w : R — R be a function that is 1-continuous with respect
to the distribution of Xo. Then (u(Xy))nez is also a 1-approximating functional of
(Zn)nez with constants

146

(2.8) ap = ¢(v2ar) + 2/|u(Xo) 246 (2a0) 2,
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provided ||u(Xo)|l24+s < 00, for some § > 0. If u is a bounded function, the same
holds with

(2.9) ap = ¢(v2ar) + 2||[u(Xo)l|sov/2as
replacing (28).
Proof. Let (Z!) be a copy of (Z,), satisfying Z,, = Z!, for =1 < n < [, and let
(Xn)nez and (X! )nez be the respective functionals. Then the l-approximation
condition and Lemma [277(i) imply that
E|X0 — X6| § 2al.
Define the event B = {|Xo — X{| > v/2a;} and note that by Chebychev’s inequality
we have P(B) < 1/2a;. Hence
Elu(Xo) —u(Xg)l < E(Ju(Xo) —u(Xo)[lpe) + E (Ju(Xo) — u(Xp)[1p)
146
< 6 (V2ar) +2l|u(Xo)ll24s (P(B)) >+
By Lemma Z7[ii) this implies the 1-approximation condition for (u(X,))nen. O
In the context of U-statistics we need a generalization of the p-continuity con-
dition that is suitable for kernels h : R? — R. Essentially we require ho(X,Y’) and

h(X’,Y) to be close whenever X and X’ are in close p-mean with respect to a
restricted class of probability distributions.

Definition 2.12. Let (X,,),ez be a stationary stochastic process and let h : R? —
R be a measurable, symmetric kernel. Then we say that h is p-continuous if there
exists a function ¢ : (0,00) — (0, 00) with ¢(¢) = o(1) as € — 0 such that

(2.10) E|h(X,Y) = h(X",Y)[P1{x—x/|<e} < &(e),
for all random variables X, X', Y with marginal distribution F' and such that (X,Y)

either has distribution F' x F' or Px, x, for some k£ € N.

Example 2.2. In the analysis of the Grassberger-Procaccia dimension estimator,
the kernel hy(z,y) = 1{—y|<¢} Plays an important role. This kernel is p-continuous
provided

e the distribution functions of | X; — X| are equicontinuous in ¢,
o [ [ hi(z,y)dF(z)dF(y) is continuous at t.

Indeed, | Xo — Xi| <t — € and | Xo — X{| < e imply that |X) — Xj| < t and, in the

same way, |Xo — Xi| >t + € and | Xy — X|| < € imply | X — Xi| > t. Hence
[1xo—xal <y = Luxg—xel<er| Lixo—xp1er < Leme<|Xo—Xal<tre}

and thus we get

Pt—e<|Xo— Xkl <t+e)

(e)

where ¢(e) = max(sup, P(t —e < |Xo — Xi| <t+¢€),Pt—e<|X -Y|<t+e),
with X, Y independent and with distribution function F'.

p
E|1gxo-xol<y = Lixg- x| 1ixo-xgi<e)

INIA

For (not necessarily symmetric) functions g : R — R we need an extension of
the p-continuity condition that is contained in the following definition.
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Definition 2.13. A measurable function g : R’ — R is called p-continuous if there
exists a function ¢ : (0,00) — (0,00) with ¢(¢) = o(1) as € — 0 such that

(211) E|g(£l17512) - 9(5117532”1)1{”512_5’12 [[<e} < ¢(6)

holds for all disjoint index sets I1 and Iy with I; Ul = I and for all random vectors
¢1,5€n,, &), such that (€7,,£r,) has distribution Px, x,, or Px,; x Px, and 5}2 has
the same distribution as Xj,.

Lemma 2.14. Let h : R?2 — R be a symmetric p-continuous kernel (in the sense
of Definition[2.12) and define
g(xh y Lig s Lig $i4) = h(xtl ) 1‘12)/1(13“ ) $i4)

(i) If h is bounded, g is also p-continuous.
(ZZ) If E|h(X“,X12)|p < 00, E|h(X,L Xi4)|p < 00 and EXOEXklh(Xka)lp <
00, then g is p/2-continuous.

Proof. We have to verify (210]) for any partition of I into disjoint sets I, I. Take
e.g. Iy = {i1,i3} and I = {i2,i4} (other cases are similar, and left to the reader),
and let £ have the distributional properties stated in Definition 213l Then we can
write

h(§i1)€i2)h(€i3)€i4) - h(leaffiz)h(fnaf’;) = h(§i1;€i2) (h(§i3)€i4) - h(fisa€;4))
+h(£’b3 ) 51{4) (h(fn ) Eiz) - h(fh ) g’iz )) :
From this we get using Holder’s inequality and (ZI0)
E {|h(£l1 ) giz)h(fis ) £i4) - h(g’n ) g’iz)h(gm ) g;4)|p/21{|££2 —&iy H—|££4—§,14 \Se}}
S E {|h(£’b1 ) £i2)|p/2|h(£i3 ) £i4) - h(fis ) ££4)|p/21{|§£4—5i4 ‘Se}}
+E {|h(§¢37624)|”/21{\£;475i4|ge}|h(§u7&2) - h(éu,Eéz)l”ml{\ggffizlse}}
pr1/2 , 1/2
< (B (s &))" (Bl €60) = hlias €)1 1, eyl )
’ 1/2 ’
+ (Bln(E ) e, ~ei<a)  (BlR(Es &) = h(Ens &) Le, -ei<a))

1/2
< MY? 912 (e) + (E|h(£i3,524)|p1{|s;4—sf4\s}) 9'2(e).

Note that both (&;,&;,)and (&;,,&;,) have one of the distributions for which (2I0)
is in force. To bound the remaining term on the r.h.s., we write h(&,,&;,) =

M8igs &ia) + (G5 €1,) = (&, €i4) s0 that
En(&is, &)1 16, 1, 1<e)
< 27N Eh(Eig, &) + Blh(Eig, &) = hlEigs &) "1 jes, 1, 1<e)
<27 H(M + ¢(e))

thus proving (ii) of the lemma. Part (i) is simpler, as we can bound both h(&;,, &)
and h(&;,,&;,) by the supremum of h. O

37

1/2

Lemma 2.15. Let h be a p-continuous kernel and define

ha(z) = /R Wz, y)dF (y).

Then hy is also p-continuous.
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Proof. To establish the p-continuity condition (Z0) for the function hy, we take
an F-distributed random variable Y, independent of X, X’. Applying Jensen’s
inequality we then obtain

E (|71(X) = hi(X)Plx-x71<c) = E (| Ey (M(X,Y) = A(X", Y))[PL{1x—x7|<c})
< Exx By (|h(X,Y) = (X", Y)[P1{x—x|<c})
< ¢(e).

Here we have made use of the fact that (X,Y") has distribution F X F so that ([2.I0)
can be applied. O

2.3. Correlation inequalities. Correlation inequalities play a crucial role in all
proofs of limit theorems for weakly dependent processes. A well-known example is
the inequality

(2.12) B - n) — BE- Byl < 4y Y€l

valid for strongly mixing processes and random variables ¢ and 7 that are respec-
tively Fg'- and F9,-measurable. Here |||, denotes the L,-norm of ¢, and p,q
have to satisfy 1/p+ 1/¢ < 1. This inequality was proved independently by Davy-
dov [I5] and Deo [22]. In this section we prove analogous lemmas for functionals of
absolutely regular processes.

As absolutely regular processes are also strongly mixing with rates ay < Ok, the
correlation inequality (2:12) holds trivially also for absolutely regular processes,
with « replaced by . It is worth noting that in this case a short proof of [Z12)
can be obtained from a coupling argument. We can namely find a copy (¢,7') of
(&,n) with the properties

e ¢ is independent of &, 7,
e Pin#n') <p.
Then we get from Hoélder’s inequality
|E(&n) — (B (En)| = |E(E) — E(¢'n)]
‘E U 77)1{71#71’}}‘
20l lInlly (P #n/)) =774

A variant of this technique will be used in all the proofs of correlation inequalities
in this section. In the following proposition we construct a suitable coupling.

IN

Proposition 2.16. Let (X,,)nez be a l-approzimating functional with constants
(ar) of an absolutely regular process with mizing coefficients (Bk)k>0. Then, given
k € N, there exist copies (X )nez and (X! nez of (Xn)nez with the following
properties:

(i) (Xnez is independent of (Xp)nez-

(ii) There exists a set A with P(A) > 1 — 6L§J such that

E(1Xi — X|1a) < 2a;_ 2

for alli > k.
(i1i) For alli >0
EIXL; - X" < 2y k)
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Proof. According to Lemmal[Z2, there exists a copy (Z},)nez of the process (Z,, )nez,
such that (Z,)n<|x/3) is independent of (Z,),ez and

2k
P(Z; =7, foralli > | 5°]) > 1= Bluya).

Let (Z]!)nez be another copy of (Z,)nez, satisfying Z! = Z! for n < k/3 and
such that (Z")pez is independent of (Z,)nez. Let (X )nez and (X)),cz be the
corresponding functionals, and note that (i) is automatically satisfied. In order to
prove (ii), we define for ¢ > & the function

Uz(ZL%J, . 722ift%kj) = E(XZ|ZL%J = ZL%J’ e 7ZQ71*L%J = 2217L%J)
By the 1-approximation property we get that
(2.14) E|X] — u;(

INA
S
T.
—
N
B

3
Ly Za )l S Gy

Now define the event A = {Z; = Z/ for all i > [2£]}. Then combining ([Z.I3) and
(2.14), we get
E(|X; — X{[1a)
S zai_l_%Ja

which proves (ii). The proof of (iii) follows along the same lines, but is simpler
because Z!! = Z! for n < k/3 on the entire probability space. O

Corollary 2.17. Let (X, )nez be a l-approzimating functional of an absolutely
regular process. Then, given k € N, there exist copies (X )necz and (X! )nez of
(X0 )nez with the following properties:

(i) (X! nez is independent of (Xp)nez-

(i) POy | Xi — X{| < aprys)) 2 1= Biys) — apnya) -

(ii1) P(3o720 1 X2 — X"l < ajpya)) = 1= appys),
where (an)n>1 05 defined as in (Z23).

Proof. We use the same construction as in Proposition 216 Then we get from (ii)
that

thus establishing (ii). The proof of (iii) follows in a similar way from Proposi-

tion Z.T6Y(ii). O
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In the proofs of several correlation inequalities the following corollary to Holder’s
inequality will be useful. We have

)

i a1
(2.15) EIXY[ < (EIX])™* (I X]l245) ™ Y l[24s,
for random variables X,Y € Lays, and 6 > 0. Indeed, (ZIH) can be proved by
expressing |XY| as

XY = | X[ | X |7 Y]
and then applying Holder’s inequality with exponents p = 174"5, g=(2+90)(1+9),
and r =2+ 6.

For certain fourth moment bounds, we need an analogous inequality for quadru-
ple products, namely

(2.16)
_5 _3
EIXYZW| < (EIX])%7 ([ X[la+5) 7 1Y llaxsl| Z | ats[Wlats

valid for random variables X,Y, Z, W € Ly,s5, where § > 0. This inequality can
be proved by writing | XY ZW| = |X|HL5|X|3_*3-5|Y||Z||W| and using a quintuple
Holder inquality with exponents p, g, 7, s,t given by p = 3%57 g=(44+6)(B+10)/3,
andr=s=t=4+§.

Lemma 2.18. Let (X,,)nen be a 1-approzimating functional with constants (a;)i>o0
of an absolutely regular process with mizing coefficients (Bx)k>0. Then
(i) if Xo is a.s. bounded, we have for all i,k >0
(2.17)
|E(Xi Xisk) — (BX)(EXin)] < 4] Xollooa x| + 2/ X0l 58 5 -

(i) if || Xol|l246 < 00 for some § > 0, we have
(2.18)

245
+5

) )
2435 5
| B(X X k) = (BX0) (B Xia)| < 20 Xoll3s (B1s)) 7 +4 (o)) I1%0l355
for all i,k > 0.

Proof. Due to stationarity, it suffices to prove (ZI1) and (I]) for ¢ = 0. Let
(X! )nez and (X])nez be copies of (X, )nez, as defined in Proposition ZT6. Thus,
the pairs of random variables (Xo, Xj), (X{, X)) and (X{,X}) have the same
distribution. Moreover, (X{,X}/) is independent of (Xo, X;) and the properties
(ii) and (iii) of Proposition 216 hold. Hence

|E(XoXi) —EXoEX,| = |E(XpX}) - E(XyXy)|
(2.19) < E[X(X), — Xi)| + E|(Xy — Xg) Xl

The first term on the r.h.s. of (ZI9) is bounded by
[ XollooBIXG, = Xi| < (| Xolloo {E (I X — Xkl1a) + E (|1 X; — Xk[1ac)}
< 1Xolloo {2ay8) + 201 XolloBy } -
The second term on the r.h.s. of (ZI9) is bounded by
[ Xklloo B[ Xo — Xo| < 2] Xollooa &),

and these two estimates together yield (ZI7]).
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For the proof of (2I8) we use again (ZI9). Decompose the first term on the r.h.s.
of ZT9) as E|X{ (X}, — X&)la|l + E|X{(X], — Xi)1ac| and note that by Holder’s
inequality

5
BIXG(XG = Xi)lael < (B5)) 7 IXollas X7 = Xilloss
o)
248
<2(B1s;)"" 1Xol35

Using (ZI5) with X = (X, —Xj)14 and Y = X, together with Proposition 2ZT6(ii),
we get

o)
TI+o _1
BIXo(X; = Xi)lal < (2a5)) " (1K = Xella+5) ™ || Xollz-s
3 246
1+6 s
< 2(%%]) [ Xollots-

To bound the second term on the r.h.s. of (ZIU]), we again make use of (ZIH), now
with X = X — X{/ and Y = X. Then we get

3 1

o) 1
BN = X)Xl < (200) ™ (10 = XJ 1) ™ 1 X1
S5 245
T+3 2
< 2 (ang) ||X0||214tfs
Combining the last three estimates, we obtain (2.18]). O

Lemma 2.19. Let (Z,)nez be an absolutely reqular process with mizing coefficients
(Br)k>0 and let (X, )nen be a 2-approzimating functional of (Z,,)nez with constants
(ak)kzo, Then

(2.20)

5/(246 1/2
|B(XiXi4k) — (BX:)(BXipi)| < 2 Xol315800551 " + 4 (arsay) " 1 Xollo-

Proof. Due to stationarity, it suffices to prove ([220) for ¢ = 0. Let (X])nez and
(X)nez be copies of (X,)nez, as defined in Proposition 216l Thus, the pairs
of random variables (Xo, X%), (X{, X}) and (X{, X}/) have the same distribution.
As the 2-approximation condition holds, we may replace (ii) and (iii) of Proposi-
tion by

2
E(IXe = XplP1a) < dapy,
E(|Xo-Xg1?) < dapg).
As (X{/, X}!) is independent of (Xo, X&), we get
|E(XoXy) ~EXoEXi| = |E(XoX}) - E(Xq X))
(2.21) < BIXH(X, - Xi)| + B|(X} — XJ) X,

The first term on the r.h.s. of (2:21I) is bounded by
E|Xo(Xy, — X)) E(1 X0l Xk — Xk[La) + E(|X0[| Xk — Xi[1ac)

1/2 25 5
2| Xoll2 (atéj) +2 (6[%]) [ Xollz45-

IN
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The second term on the r.h.s. of (ZZI)) is bounded by

1/2
1 Xkll2ll X5 = X2 < 201 Xoll2 () )
Combining these bounds, we obtain (Z20). O

Lemma 2.20. Let (X,)nez be a 1-approzimating functional of an absolutely reg-
ular process. Let & be a p1-continuous function of (..., X_1,Xo) and let n be a
pa-continuous function of (X, Xgt1,...) with corresponding functions 11 and a,
where p1,p2 > 1. Then

10

Q=

[B(y-€) —En-Bel < dllnly el (B + o) )

(2.22) e (s DNl + 972 (g ))lI€llg,
1

whenever |||l max(p.q) < 90, [|€llmax(q.q2) < 00, where q1,q2 are such that p% + 1=

g1
1 1 _ -1 -1
1, p2+q2—1,andp +q +<1.

Proof. Let (X )nez and (X)))ncz be copies of (X,)nez, as defined in Proposi-
tion 210, and let &',n and £”,n” be the respective functions of (X )nez and
(X )nez. Observe that the pairs of random variables (£,n), (¢,7') and (£”,7n")
have the same distribution and that (£”,%”) is independent of (¢,7). Hence we
obtain

|E(&n) — (EHE)| =EEn) —EE") <E|E = On'[+El(H —n")l.
Now define the events B =Y | X’ ; — X" ;| < ovpy3) and D = 37 | X; — X]| <
A\ k/3]5 and note that P(B) >1-— A k/3] and P(D) >1- ﬁtk/‘ﬂ — Q|k/3]- Then,
by Holder’s inequality, we obtain E|(&' — &)n'1p:| < 2H£Hp||n||q(atk/3j)1*1/”’1/‘1.
Moreover, by p-continuity we get

pl) 1/p1

E|(¢ =715l < 7|4 (E ‘(ﬁ =y Xy Xi<ape}

1/p
< nlla (@lagrs)))

In the same way we can bound E |£(n' — n”’)|, and thus obtain (2:22). O

In the analysis of empirical processes, we regularly have to estimate fourth mo-
ments of partial sums of functionals of absolutely regular processes. In proofs of
such estimates, bounds on the covariance of X; and X;X;X;, and of X;X; and
XX, (0<i<j<k<I<n),play a crucial role. Such bounds can in principle be
derived from Lemma 220] as both X; X ; and X; X, X; are 1-continuous functions,
if X; € L,. We obtain namely, using Loéve’s c,-inequalities

B (|X:X; = XX Lo -xg1<e))
= B (|(X: = X)X, + X/(X; = X)|" L, xt141%,-x11<0)
<or-lp <{|Xi|p|Xj — Xj’,|P + | X — X{|p|X§|p} 1{|X,1—X£\+|Xj—XJ’-|§e})
< PPE|X|P.

On the other hand, because of the special product structure of these functions,
a direct proof of correlation bounds is also possible and moreover yields sharper
results, as the next lemma shows.
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Lemma 2.21. Let (X,,)nez be a 1-approzimating functional with constants (ax) k>0
of an absolutely reqular process with mizing coefficients (B )k>0. Then, if Xo is a.s.
bounded, we have for all non-negative integers i < j < k <

|E(X:X; X X)) — B(X;)B(X; X X))

S S
246 1+95 T
(223) < {6 (Buasey) ™ 1ol s +8 (a2 ||Xo||2¢f;} Xl

|E(X:X; X6 X)) — E(X: X;)E(Xu X))

) )
3 fers 2
220 < {a(8ae)) ™ WXols+ 8 (aae)) ™ 160} 10

Proof. We first prove (2Z23)). Due to stationarity, we may assume that i = 0
and that 0 < j < k < I. Let (X])nez and (X])nez be copies of (Xp)nez, as
defined in Proposition 2:16, only with j replacing k as length of the separating
block. Thus, the quadruples of random variables (Xo, X, Xx, Xi), (Xq, X}, X, X])
and (X{, X7, X}/, X|') have the same distribution. Moreover, (X¢, X7, X}/, X|") is
independent of (Xo, X;, X, X;) and the properties (ii) and (iii) of Proposition 216
hold. Hence,
|E(XoX; XeXi) — BE(Xo) E(X; X X)) = |BE(XoX;XpX]) — E(X§X;Xp X))
< B(IXo — X0|1X; Xk X1)
+E(|X} — X5 X0 Xk X))
TE(|1 X}, — X3l XX X))
FB(X] - X[ XX X))
= h+DL+1I3+ 14
Regarding I;, we note that F|X}) — X{/| < 2a;, so that by ZI5) we get the
estimate

1+5 T
I < Xl B — X§11X0) <2 (ag, ) ™ IXollZ X0l 555
In order to bound Iz, we decompose |( X} —X;) X X/ X)'| = [(X} — X;) Xg X}/ X)"|[14
+ (X} — X;) X0 X} X["[1ac. By Holder’s inequality, we get

o)
245
E((X) - X)X0X{ X 1ae) < (By)) ™ IXollasollX; = X llasl XolZ

IA

)
243
2(Bay) ™ IXol3 1 Xoll2-

Using (2.15) with X = (X]’ —X;)14 and Y = X{, together with Proposition 2.16(ii),
we get
5

145 1
(2a,2)) ™ (1] = X;ll245) ™ 1 Xoll2-sl1 Xoll 2

2
T+5 2
2 (ay)) ™ 1Xoll 5511 Xoll%

Putting the last two inequalities together, we obtain

B (|(X] — X;) XX X['|14)

IN

IN

S5 5
243 T35
1 <2 (83)) ™ IXoll3sl %ol +2 (ay)) ™ 1 X0l 355100
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For I3 and I, we obtain identical upper bounds, thus proving (Z23). The proof of
(224) is almost the same, except that now we have two terms of the type [; and
also two terms of the type Is, yielding a slightly different final result. O

The last of our correlation inequalities extends the result of Lemma 221l to the
case of unbounded variables. The proof is almost identical, except that now (2.16])
is employed to bound the quadruple products.

Lemma 2.22. Let (X,)nez be a 1-approzimating functional with constants (ax)k>0
of an absolutely regular process with mizing coefficients (Bk)r>0. Then, if || Xoll4+s
is bounded, we have for all non-negative integers i < j < k <
|E(X:X; X1 X)) — E(X)E(X; X X1)|
)

I+s 38
(2.25) <6 (Bass)) ™ IXolls 8 (o)) 1Kol

|E(X:X; X1 X)) — BE(X:X;)E(Xk X))

e 36
(2.26) <4 (BLk—giJ) o 1 Xoll545 +8 (C‘Lk—gij) ||X0||43+‘§ :

Proof. We first prove (Z20), and we start as in the proof of Lemma [ZZT] obtaining
the same upper bound for the Lh.s. of (Z2Z0) by a sum of the four terms I, Io, Is, I4.
Regarding I;, we note that F|X) — X[| < 2a 4, so that by ZI4) we get the
estimate

5 3
Lo < (BIXg = XD (I1X5 = X0 llays) ™ 1 Xoll3s

IA

,5
5
23+ (aLﬂ) 23+ ||X0||ZI%||X0”§1+6

lg 2(5
= 2(ayy) " IXolLIS
In order to bound Iz, we decompose |(X} —X;) XX} X/'| = [(X} — X;) Xg X[/ X['|1a
+ (X} — X;) X X}/ X['[14c. By Hélder’s inequality, we obtain
)
™ 3
(Bng) ||XJ, - Xj}’4+5 ||X0||4+6

5
45 4
2 (BL%J) ||X0||4+6'
Using 2.T6) with X = (X} — X;)14, Y = X(, Z = X}, W = X}, together with
Proposition [Z.T6(ii), we get

E(|(X] - X;)Xo X X['| 1a)

B (1) — X)X (X7 1)

IN

IN

3

= 3
(2GL%J) HE (HX, - Xj"4+5) o ”XOHL-(S

3+5 12438
(2000) ™" 130035

Putting the last two inequalities together, we get

IN

IA

12436

) )
I+3 3+3
1 <2 (B3)) T Il 2 (arg)) T Il

For I5 and I we obtain identical upper bounds, thus proving (Z25). The proof of
(2Z0) is almost the same, except that now we have two terms of the type I; and
also two terms of the type Is, yielding a slightly different final result. O
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2.4. Moment inequalities. In this section, we prove some inequalities for sec-
ond and fourth moments of partial sums Sy = X3 + ... + Xy of l-approximating
functionals of an absolutely regular process. These inequalities are essential tools
e.g. for estimating the size of various remainder terms in proofs of central limit
theorems.

Lemma 2.23. Let (Xy)rez be a 1-approzimating functional with constants (ax)k>o0
of an absolutely regular process with mizing coefficients (Bx)r>0. Suppose moreover
that EX; = 0 and that one of the following two conditions holds:

(i) Xo is bounded a.s. and Y po O(Gk + ﬁk) < 0.

(i1) E|Xo|?*° < 00 and Y32, (a} T —l—ﬁz”) < o0.
Then, as N — oo,

1 o0
(2.27) NES,QV — EX§+2)  E(XoX;)
j=1
and the sum on the r.h.s. converges absolutely.

Proof. Assume that (ii) holds. By stationarity of (X, )necz, we obtain

N
ESy = Y  E(XiX;) = NEX;+2) (N-—k)E(XoXs)
1<i,j<N k=1
al k
_ 2 _ v
(2.28) = N <EX0 + 2;(1 N)E(XoXk)> .

As EX; =0, we get using Lemma [2.T§] (ii) that

5 5 246
|E(XoXk)| < 2| Xoll31s (Br/3) T +4 (ars3) ™ (|| Xoll245) 0

Thus Y2, E(XoX) converges absolutely and by the dominated convergence the-
orem for series we obtain

N

k o0
2(1 - N E(Xo X)) — ZE XoXk)
k=1 k=1

as N — oo, proving (2:27)) under assumption (ii). The proof under (i) is practically
the same, now using Lemma 218 (i). O

Lemma 2.24. Let (Xy)kez be a 1-approzimating functional with constants (a)k>o0
of an absolutely regular process with mizing coefficients (Bx)k>0. Suppose moreover
that EX; = 0 and that one of the followz'ng two conditions holds:

(i) Xo is bounded a.s. and Y po ok (ak + Bk) < 0.

(ii) E|Xo|*t° < oo and Y po K (a; o + ﬂ4+5)
Then there exists a constant C such that

E(Sy) < CN2.
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Proof. Assume that (ii) holds. By stationarity of (X, )nez we obtain

ESy < 4 > | E(Xs, X, X, Xi, )|
1<i1<i2<i3<ia<n
(2.29) < AN Y E(XoXiXipi Xyl
i,j,k>0
i+j+k<N

By Lemma 2222, and using E Xy = 0, we get the following bounds on the expected
values inside the last sum

124348

| EA{Xo(XiXitj Xivjrn)}] < 4+5||X0||4+5+8a% [ Xoll, 55
S 12+3(5

|E{(XoX: Xiyj) Xivjrn)| < 4+5||X0||4+5+8 fgj||X0||43+5 :

Alternatively, we can Spht E(XQXiXi+in+j+k) up as E{(X()Xi)(Xi+in+j+k)},
and apply (2:26) together with (2:18). Then we get

| E{(XoXo) (X Xije) | < [E(XoX5)]l E(Xi+in+j+k)|
12436

5
HAGT Xl s + 87 1 Kol T

2494

+35
(210l a0, + 2%l R )

IN

+
x <2||X0||421+5ﬁf;:/§3J + 2||X0||431%af;/§3j)
12+3§

5
G | Xolld s + 807 1 Xo 35

In this way, we have obtained 3 bounds for | E(XoX; X ;X ;+x)| that we can use
in getting an upper bound for the r.h.s. of ([2:29).

(2.30)

E(S\) SCN{ <5§73J+“@7§J> > (6f5/53J+af,373J>
0<j k<i<N 0<i,j<k

2494 24 249 2494

5
+35 EE) s
+ Y K%m + aLi/?»J) <5Lk/3J +atk/3J>
0<4,k<j<N
s 355
(ﬁLJ/BJ LJ/3J)]

346
SON{3 ) (ﬁu/sﬁ“ﬂ/m)

0<i,k<j<N

4 Z 3 T %ig 3 = gig
U/3J @iy3) Lk/3J @ k/3)

0<i,k<j<N
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Note that
N
4+46 3+46 4445 3446
> <ﬂu/aj +a u/aj> <> <5u/aj + [J/3J>
0<i,k<j<N =04,k=0
oo 5 e
(2.31) < 3Zj2< 5 +al 5) < o0,
j=1
and
245 245 2445 gig
(ﬁu/aj + aLz/?»J) (ﬁtk/?d + aLk/3J)
0<i k_] N
N J 2448 245 248 248
4 1+5 3495 3+95
< Z > ( 1i/3] +“J/3J> (BWBJ +aLk/3J>
7=017,k=0
2
© 244
(2.32) < N Z<54+5 3+5> < 0.
=0

Combining now ([231)) and (Z32)) with ([2:30), we have proved the lemma in case
(ii). The proof under (i) is almost the same, now using Lemma 221 and (2:17)
instead of Lemma and (ZI]). O

3. EMPIRICAL PROCESS CLT

In the present section we prove some basic limit theorems for functionals of
absolutely regular processes. The main result will be an invariance principle for
the empirical process, which will later play an important role in our treatment of
U-processes.

1. Central limit theorem for partial sums. In this section we shall prove the
central limit theorem for partial sums S,, = >°;'_; X}, of functionals of absolutely
regular processes. This result is not new, and was already established by Ibragimov
and Linnik [32] for the broader class of functionals of strong mixing processes. We
provide an independent proof here, mainly as illustration of our general techniques
for handling functionals.

Theorem 4. Let (Xy)rez be a l-approzimating functional with constants (ax)k>o0
of an absolutely regular process with mizing coefficients (Bx)k>0. Suppose moreover
that EX; =0 , E|X|** < 0o and that

(3.1) Zk2 4 g < oo,
for some § > 0. Then, as n — oo,
1 < d
— Y X =5 N(0,07),
Vi

where 0% = EXZ +2 Z;); E(XoXk). In case 0® = 0, we adopt the convention that
N(0,0) denotes the point mass at the origin.
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If Xo is bounded, the CLT continues to hold if {31) is replaced by the condition
that

(3.2) >k (ak + Br) < o0
k=0

Proof. If 0? = 0, Lemma 23] implies that \/Lﬁ >, X; — 0, thus proving the
theorem in that case. In the rest of the proof we may therefore assume that o2 >
0. In order to analyze Z?zl X, we will introduce a blocking with block lengths
depending on n. We then use near regularity to approximate the long blocks by
independent blocks, apply the Lyapunov CLT to the sums of the independent blocks
and finally show that the contribution of the small separating blocks is negligible.

Given integers K = K,,, L = L,, and N = N,, (to be chosen later), we introduce
the (K + 2L, N)-blocking (B;):", of the random variables Xi,...,X,. Here p,
denotes the index of the last block fully contained in X1,...,X,, i.e.

n
Pn = LK+2L+NJ '
By Theorem [3] there exists a sequence of i.i.d. blocks (B})2", with the same block-
wise marginal distribution as (Bs)."; and such that
(3.3) P(||Bs — B.|| > 2ar) < 2ar, + Br.

Let I, denote the index set of the sth (K 4+ 2L, N) block and let Js denote the
index set of the sth separating block (of length K + 2L). Denote by i, the index
of the last long block fully contained in 1,2,... ,n. Define

Us=> X; and Vi=)_ X]
i€l i€l

where B’ = (X/);cz,. Then we can decompose >, X; as follows

n Pn Pn
oxio= Y Y Xi+> ) X+ Z X;
=1 s=1iel, s=14eJ, 1=inp+1
Pn Pn
- ZU YN X+ Z X;
s=11ieJ, 1=tn+1
Pn Pn Pn
(3.4) = ZV+ZU Va4 > Xi+ Z X;.

s=1lieJg i=1in+1

We will prove that the first term on the r.h.s. is asymptotically normal and that
the remaining terms are negligible.
At this point we choose the block lengths in such a way that the following hold:

(3.5) K., L,,N, — oo,

(3.6) K"N;f” =0,
N,

3.7 Nn 0

3.7) W

(38) (5K,,L+CYL,L) — 0.

n
Ny,
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Such a choice is always possible, because §; + ap — 0 as k — oco. The above
conditions then imply that p, - 1\:} — 1 and hence that

Pn(Kp + Ly)/n — 0.

Regarding Z?Ql Vs, wenote that Vi,... , V), areindependent identically distributed
random variables with EV; = 0 and 012\, = % Var(Vy) — 02 as n — oco. Moreover,
the Lyapunov condition for the CLT is satisfied with § = 2 because

Pn pnE (ZZVZI Xi>4 1
(Oohn, Var(V, 2 ; PNy =9 ( A )

PnO N

and p, — 00, oy — o. Hence we get \/72’)” Vs — N(0,1), and since
pn Var(V;
pn Var(V7) = anaN ~ no? that

Pn

\/_ZV—>NOJ)

To bound the second term on the r.h.s. of (B4), we note that

|Us - V€| S Z |X'L' _le| = |BS _Bg|
7/€Is

Hence we get from (B3) that

< DPnCL
(\/_ZW V|>\/_>

Pn
P (Z |Us - V:?| >pnaL>

s=1
Pn

< Y P(U -V > o)
s=1

< pu(Br +2ar).

Thus by (BE) we find that % P |Us = Vs| — 0 in probability.
Regarding the last term, note that there exists a constant C' such that

E <Z Xi>2 < CHI.

icl

This can be proved using similar arguments as in the proof of Lemma 223l Hence
we get

( iZXJF Z X) < C(pn(K +2L)+ N)/n — 0.

s=1lieJg 1=1n+1
Now we can apply Slutsky’s lemma to obtain the CLT. |
3.2. Empirical process indexed by functions. Let (X,,),>1 be a stationary

ergodic process of R-valued random variables with marginal distribution function
F(t) := P(X; < t). We define the empirical distribution function (e.d.f.) F,, : R —
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R by

Fot) %#{1 <i<n:X, <t}

1
ﬁ Z 1(700,15] (Xz)
=1

The e.d.f. gives the fraction of observations in the sample that is < ¢ and can hence
be considered as the sample analogue and natural estimator of the true distribution
function F(¢).

By the ergodic theorem F,(t) converges to F(t) almost surely, and this even
holds uniformly over all £ € R (Glivenko-Cantelli lemma). Hence it is natural to
study asymptotic properties of the normalized differences

Wi (t) = Vn(Fa(t) — F(1)),

also called empirical process. Donsker (1953) proved the invariance principle for
the empirical process in the case of i.i.d. observations, showing weak convergence
of W, (t) towards a Gaussian process W (t) and thereby confirming an earlier con-
jecture of Doob [24]. This result was extended to functionals of uniformly mixing
processes by Billingsley [9], and to strongly mixing processes by Deo [22]. Berkes
and Philipp [7] and Philipp [39] obtained further results for the empirical distribu-
tion function of strong mixing sequences, such as almost sure invariance principle
and law of iterated logarithm.

Note that F,,(t) is the distribution function of the distribution placing mass %
in each of the points X;,1 <i < n. Thus we can write F}, () = [ 1(_oo,(s)dF,(s),
and hence

Walt) = Vi [ 1cmnE) [ 1P o).

This representation motivates the study of the (generalized) empirical process

Walt) = Vi [ wlo)d(Fa(s) - F(s)
Jn (% > u(x) - / ut(x)dF(a:)>

where U = {uy,t € [0,t0]} is some one-parameter class of functions. We will later
specifically be interested in the functions u(x) = P(]Y — x| < t), but at this point
we will consider a general class U, satisfying the following two properties

(3.10) 0 < wug(x) <1, for all ¢t € [0, o],

(3.11) us(x) < ug(zx), for 0 < s <t <ty,

both for all x € R.
Without loss of generality we shall assume that g = 1 and define

G(t) = Buy(Xo) and gi(x) = ui() — G(1).

(3.9)

We assume that G is Lipschitz continuous on [0, 1], i.e. that there exists a constant
C such that for all ¢, s € [0, 1]

(3.12) G(t) - Gls)| < Clt — 5|
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We view {W,,(t),0 <t < 1} as a random element of D[0, 1], the space of right-
continuous functions on [0, 1] with left limits, equipped with the Skorohod topology.

Theorem 5. Let (X,,)nen be a 1-approzimating functional with constants (ax)k>o0
of an absolutely regular process with mizing coefficients (Bx)k>0 satisfying

oo
(3.13) SRy <,
k=0
for some 0 < § < 1. LetU be a class of functions satisfying (ZIQ) and (FI1), and

assume that ug,t € [0,1], are 1-continuous in the sense of (Z10), with the same ¢
for all t. Assume moreover that

o0 5 o0
(3.14) Zk%,ﬁ“‘s < oo and Zk2 (¢(\/2ak))6/(1+6) < oo
k=0 k=0

Assume moreover that the function G(t) satisfies the condition (FI2).

Then the empirical process {Wy(t), t € [0,1]}neN, defined in (T4), converges
weakly in D0, 1] to the mean-zero Gaussian process {W (t), t € [0,1]} with covari-
ance structure
(3.15)

Cov(W(s), W(t)) = Cov(us(X1),us(X1))

+ ) Covlus(X1), ue(Xii1)) + Y Covlus(Xpp), us(X1)).
k=1 k=1

Moreover, the series on the r.h.s. of (313 converges absolutely, and the limiting
process W has continuous sample paths with probability 1.

The key tool in the proof of Theorem [l is the following lemma bounding fourth
moments of partial sums S, = > .| Y; of functionals of an absolutely regular
process. This lemma sharpens the statement of Lemma by providing explicit
bounds in terms of moments of the Y;’s. In turn, we have to require boundedness
of the Y;’s.

Lemma 3.1. Let (Yi)rez be a l-approzimating functional with constants (ag)k>o0
of an absolutely regular process with mizing coefficients (Bk)k>0. Suppose moreover
that |Yix| <1, EY, =0 and

s i 5
ZkQ (a,i“ —l—ﬁ,f“) < oo.
k=0
Then for S, =Y, + ... + Y, we have
ESt<C <n||Yo||rfig + n?|| Y, ||ﬂ>
n = 245 Oll2+s | >
for some constant C' depending only on (ag)k>0 and (Bk)k>0-

Proof. We proceed in the same way as in the proof of Lemma[2.24] By stationarity
of (Y,,)nez we obtain

ESy<4ln > E(YoYiYiy;Yipjin)-

i,§, k>0
i+jtk<n
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By Lemma [Z2T] and using EYy = 0, we get the following bounds on the expected
values inside the last sum:

) )
755 fE 2
B {Yo(Yi¥irViugen)H < 6(Bls)) " I¥ol3s+8 (o)) ||Yo||21fs,

|Qv
o

2+5
B0V Yo} | < 6()) 7 10lEes +8 (aps)) ™ %0055

Alternatively, we can split E(YyY;Y;1;Yiv k) up as E{(YoY;)(Yit+;Yitj+x)} and
apply (Z24) together with (2I8) to get the bound

|E{YoYiYiq;Yipjuntl < EXY)E(Yig;Yigjtr)
:5
+4(8y,)" ||Yo||2+5+8(atéj) I¥oll 5%
o)
2+5 1+3 T
(210081 (3135) ™ +4 (003, 05
) )
+3 5 2
. (2||Yo||§+5 (i) ™ 4 (o) ™ a5

. 246
2+5 T+o 2496
+4(Bg)) " I¥ol3as +8 (agg)) ™ IVONITS-

IN

Any of the 3 bounds on E(YY;Yi4;Yiq k) thus obtained can be used in getting
an upper bound on the terms in the expansion of ES2. In the same way as in the
proof of Lemma 224 we get then

Bs! < Cn{ > (st + el

0<4,k<i<n

—+35
. ( Yl + o] ||Yo||;r;)

3
0<i,k<j<n

(3.16) x ( 2+5||Y0||2+5 +al; ||Yo||51fs> }

where C' is some universal constant. Now we note that

> ﬂfs < D P8 <o

0<7,k<i<n i=1
5 n 5 2
E ol < E i‘a'T’ < oo,
L5] 3]
0<j,k<i<n i=1

by the assumptions of the lemma. Hence

+46 )
> (2+5||Yo||2+5+ é||Yo||5r;) < I X (WH%T)

0<y,k<i<n 0<j,kSiSn

IN

(3.17) CIIYollzlifsa
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as (24 6)/(146) <2 and [|Yp||24s < 1. Concerning the second term on the r.h.s.

of (BI6) we obtain

_J
> (el s+l Tl ) < (877160 + oy IeEES )

3 3
0<ik<j<n

2
> +4
Sn{Z( 37 5||Y0||2+5+ g ||Y0||21jrf5>}

i=1

a+ 256
< On[[Yollyys

where again we have used the fact that (2 + §)/(1 4+ 6) < 2 and ||Yo|l2+s < 1.
The last inequality, together with (I8) and BIZ) proves the statement of the
lemma. (|

Proof of Theorem [A First consider, for ¢ € [0,1] fixed, W, (t) = ﬁ Yo ge(X5).
The random variables g;(X;) are centered and bounded, and themselves again func-
tionals of an absolutely regular process (Z,)nez satisfying, according to Propo-
sition ZLTT], the 1-approximation condition. Moreover, the summability condition
(BI4) on the corresponding sequence (¢(ay)) is that required by Theorem @ Hence,
Theorem [4 yields that for fixed ¢, W, (t) is asymptotically normal with mean 0 and
variance

oo
0% = E (g:(X0))” + 2 _ Cov (g:(Xo), 9:(Xx)) -
k=1
Furthermore, an application of the Cramer-Wold device yields that for any (¢4, ..., tx)
the vector (W), (t1), ..., Wy, (t)) approaches a k-dimensional normal distribution cen-
tered at the origin, and the covariances of these limit distributions are those given

by (3.16).

It remains to show that the sequence of processes {W,,(t), ¢ € [0, 1] }nen is tight.
According to Theorem 15.5 in Billingsley [9], tightness follows if we can show that
for all €, > 0 there exists a 7 € (0,1) such that

(3.18) P( sup |W,(t) —Wy(s)| >¢€) <nr.

s<t<s+T1

In order to prove (BIX]), we fix ¢ and 1 and consider the difference

Walt) = Wals) = 2= 3 (0(X0) = 0:(X).

First we bound the fourth moment of the sum on the r.h.s. with the help of the
previous lemma. For this, note that since |gi(z) — gs(z)] < 1, we have for p > 1

Elg:(Xo) — 9s(Xo)[” < Elgi(Xo) — gs(Xo)| < 2(G(t) — G(s)).
Hence, for any § > 0,
9¢(X0) = gs(Xo)l|l245 < C(G(t) — G(s)) 7.
For 0 < § < 2, we thus get

(I9:(X0) — gs(Xo)ll245)" <

A
Q
—~
@
—~
~
~—
|

@
—~

Va)
~
N

©

1

o
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for some d; > 0. Now we can apply Lemma BI]to get

i=1

n 4
B {Z@t(x’i) - gsom)} < Co (*(Glt) = G(s)) " +n(G(1) - G(s) =)

and
(3.19)
E{W,(t) — Wa(s)}' < Ci(G(t) — G(s))"H + l(G(lﬁ) ~G(s) 7).

n
Now fix r € [0,1], choose some number h > ¢/ nT5 and consider m consecutive
intervals [r + (i — 1)h,r + ih] of length A in [0,1]. By condition BI2)) on G(t) we
have that

%%(G(S +ih) — G(s+ (i—1)h)) < Ch.

From (319)) we get the following bound on the fourth moment of the increments of
W, on the interval [r +ih,r + (i + k)h]:

1
E(Wp(s+ (i +k)h) — Wa(s +ih)* < K, ((kh)1+51 + —(kh) *)
2K
(3.20) < ZL(kn)to,
€
because k > 1, and h was taken in such a way that h(1191)/2 > L < (we

assume that € < 1). By B20) and Theorem 12.2 in Billingsley [9] we have the
following maximal inequality
K2 (mh)1+51

et ’
where the constant Ky depends only on the ax’s and the §i’s. Denote G, (t) =
Ly u(X;) and take s,t € [0,1] with s <t < s+ h. Then by monotonicity of
G, and G we have

Wi (t) — Wi(s)

(3.21) P (I}é&;})@( W, (r +ih) — Wy (r)] > A) <

V(G (t) = G(t) = Gn(s) + G(s))

< Vn(Gn(s+h)—Gn(s) — G(s+h) + G(s)
+ G(s+h)—G(t))
< Vn|Gn(s+h) —G(s+ h) — Gn(s) + G(s)]|
+v/n|G(s + h) — G(t)|
(3.22) < Wu(s+h) —Wu(s)| +Chyn
and similarly
Wa(s) = Wa(t) = Vn(Gu(s) — Gu(t) + G(t) — G(s))
< Vn(G(t) - G(s))
(3.23) < Chyn < Chy/n+ |Wi(s + h) — Wy(s)|.

Together, from (B:22) and ([B.23) we obtain
(3.24) Wi (t) — Wi (s)| < [Wi(s+h) — W,(s)| + Chy/n.
From (B24) it follows that
sup  [Wy(t) — Wy(r)| < SIiIie}Zde(r +ih) — Wy (r)| + Chy/n.

r<t<r4+mh
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Now let h be such that h < ¢/C'\/n. Then by the last inequality and (321I)) we get

K2 (mh) 146,

€d

P ( sup Wy (t) — Wy(r)| > 46) <
r<t<r+mh
Now let 7 < (%)1/51 be given and choose h satisfying e/nﬁ < h < ¢/(Cn'/?)
and an integer m such that 7 = mh. Then
P ( sup |Wy(t) — Wy (r)] > 46) <.
r<t<r4t

The existence of m and h satisfying 7 = mh as well as the above restrictions follows
if we can find an integer m satisfying

C 2/(1+81)
(3.2 5) T—\/ﬁ <m< L,
€ €
which is indeed true for sufficiently large n. This completes the proof of the theorem.

O

4. U-STATISTICS LIMIT THEOREMS

In this section we will study the asymptotic behavior of U-statistics when the
underlying process (X, )n>1 is a functional of an absolutely regular process. For
notational brevity, we shall restrict the attention to bivariate U-statistics, i.e. to

Vi) = s Y XL,

1<i<j<n

where h : R¥ x R¥ — R is a measurable function, symmetric in the sense that
h(z,y) = h(y,z). The extension to the case m > 2 is however straightforward.
Moreover, and also without loss of generality, we will assume that the underlying
process is real-valued. The results that we obtain here are a weak law of large
numbers and a central limit theorem, both for p-continuous kernels.

4.1. Law of large numbers. The history of the law of large numbers for U-
statistics dates back to Hoeffding [30] and Berk [6] who proved for i.i.d. observations
(X»n)n>1 with marginal distribution F that

(4.1) U, / / h(z, y)dF (z)dF (y)

provided h € Li(F x F). Aaronson, Burton, Dehling, Gilat, Hill and Weiss [I]
investigated whether (Z1]) would continue to hold for ergodic processes (X, )n>1. By
means of counterexamples, they could show that this is false, unless extra conditions
are imposed. Specfically, (A1) holds if one of the following conditions is satisfied

e h(z,y) is bounded and F' x F-almost everywhere continuous,
e h(z,y) is bounded and the process (X,,)n>1 is absolutely regular.

Under the same conditions, but with boundedness of h(z,y) replaced by uniform
integrability of the set {h(X;, X;) : ¢,7 > 1}, Borovkova, Burton and Dehling [12]
established a weak law of large numbers, i.e. convergence in (£1]) in probability.

The conditions in Aaronson et al. are quite restrictive because one either needs
a.e. continuity of the kernel or absolute regularity of the underlying process. In
this section, we will prove a U-statistic weak law of large numbers under conditions
that are in between the two sets of conditions mentioned above, and that can be
verified for examples arising in dynamical systems.
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Theorem 6. Let (X,,)nen be a l-approzimating functional of a stationary and
absolutely regular process with summable constants (a;);>0. Let F' denote the dis-
tribution of X1. Suppose, moreover, that h : R? — R is a measurable symmetric
function satisfying the 1-Lipschitz condition (Z10), and that the family of random
variables {h(X;, X;) : 4,5 > 1} is uniformly integrable. Then

1

Un(h) = nln=1)

S (X Xj) — /R Wl y)dF () ()

1<i#j<n
in probability, as n — oo.

Proof. Let € > 0 be given. Then uniform integrability of {h(X;, X;) : i,5 > 1}
implies that there exists é > 0 such that

(4.2) Elh(X:, X;)15] < ¢

holds for all measurable sets B with P(B) < ¢. Choose moreover § so small that
¢(d) < €, where ¢ is the function arising in the formulation of the 1-continuity
condition (ZI0). According to Theorem Bl the process (X, )nen is nearly regular,
i.e. there exists an integer m such that the (m, N)-blocks (Bs)s>1 can be coupled
to an i.i.d. sequence of blocks (B)s>1 with the same marginals and in such a way
that

(4.3) P(|B, - B|| 2 8) < 5/2.

Now take N so big that m—:’_LN < €. Note that, if n is the sample size, the number
of full (m, N)-blocks in the sample is p = [ 25 ]

In the rest of the proof we will show that the random variables in the small
separating blocks of length m can be neglected and that the error introduced
by replacing By by B!’ is negligible. The main term will then be a U-statistic
with independent vector valued inputs (B})s>1 that can be treated by Hoeffding’s
classical U-statistic law of large numbers. To this end we define a new kernel
H:RY xRN - R by

H(n) 12% > hlwiy;)

1<i,j<N
where £ = (z1,...,zn) and n = (y1,... ,yn). From (EZ) we can infer that, for
k#1,
(44) ElH(Bk7Bl)|1B S €

for all sets B with P(B) < ¢.

Independence of Bj, and Bj implies that EH (By,, B)) = [ [ h(z,y)dF(z)dF (y)
=: 0(F) for all k # . Thus by the U-statistics law of large numbers for independent
observations

(4.5) > H(Bj, B)) = 0(F)

plr=1) =,

almost surely and in L;.
We denote by I, the set of indices in the block By, and by Js the set of indices
between the blocks By and Bsy1. To estimate the difference between Y H (B, B)
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and > H(By, Bj), we write

|H(By, B;) — H(By, B))|

% S5 In(Xa X;) - h(XL XD

el jel;
1
iEijEIl
(4.6) = 0 (XL XG) — AKX X))
i€l jEI

Note that | X;—X/| < || Bx—Bj| holds for i € Ij,. Hence by the 1-continuity property
@10) of h(z,y) we get E|h(X;, X;) — h(X}, X;)|1( B, By|1<s.1B,—Bj|<sy < #(0),
for all i € Iy, j € I;. Similarly, E|h(XZ/, X]) — h(XZ/, X]/’)|1{||Bk—B'kHS(S,HBl—B{HS(S} <
@(9), again for all ¢ € Iy, j € I;. Note that in both cases, (2:I0) may be applied—in
the first case because the joint distribution of (X;, X;) is a 2-dimensional marginal
of the underlying process and in the second case, because X/ is independent of X j'
These inequalities together with (E6) imply

E|H(By, Bi) — H(By,, B)| 1{|B,—B/ <6, Bi—B] | <8} < 20(0) < 2e.
By [3) we have P(||By, — B} || > 0 or | By — By || > §) < 4, and thus (@4) implies
E (|H (By, Bi) = H(Bp B)IL( B, —By25 or |B.-Bi)125)) < €
Taking the last two inequalities together and averaging over all indices (k,!) with

1 < k # 1 < p, we obtain the following estimate for the difference between the
U-statistic based on (By); and the one based on (By,):

(4.7) > H(BB)- > H(B},B))| <3e
(p— 1<k£I<p (p 1) 1<k£I<p
Moreover | p ) n(n | < p 1) for p large enough, and thus
1 N2
Bl > H(BB)- > H(Bi,Bi)| < 2Cqe,
ro =1 Fie (=1 7,

where Cy = sup,,; E|H(By, B;)| < sup; ; E|h(X;, X;)| < co. This last estimate
together with (1) and L;-convergence in ({L.5]) shows that for n large enough we
get

(4.8) Z H(By, B)) — 0(F)| < Ce.

( 1<k¢z<p

It remains to show that the original U-statistic U, (h) is close to the block U-statistic
n(n 1 21<kzi<p H (Bks Bi). Let i, denote the last index in the block B,. Then
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we can decompose Uy, (h) as follows:

> h(Xi, X)) S>> MXLX)+Y Y h(XiX;)

1<i#j<n 1<k#I<pi€ly,jel; k=14,j€lk,i#]
ni+N
2 Y Y omxs YY)
i€Jk,J€L j=ni+1 1§k¢l§p1€Jk JEN
p n n
+> 0> WXL X+ Y Y h(X, X))
k=1i,j€Jy,i#] i=ip+1 =1
i»  m
D D (X X)
i=1 j=ip+1

Note that the first term on the r.h.s. equals N2 > i<kri<p H(Br, Bi). A careful
study of the index set now shows that

E Z h(Xi, X;) Z Z h(X;, X;)

1<i#j<n 1<k#l<pi€ly,jel;

< Co(pN? +2p*>mN + p?*mN + p*m? + 2n(m + N))

where Co = sup; ; E|h(X;, X;)|. Asp <n/N and m < eN, the r.h.s. of the above
inequality is bounded by C(e + N/n)n? and hence

— > (X, X)) ( 5 > N®H(Bi, B))| < Ce

1<z;é]<n 1<k#I<p

for n large enough. This, together with (£3]), proves the theorem. [l

4.2. Central limit theorem. The central limit theorem for U-statistics was
first established by Hoeffding [29], in the case where the underlying observations
(Xn)nen are independent and identically distributed. Yoshihara [49] proved the
CLT in the absolutely regular case, and Denker and Keller [20], [21] extended this
to functionals of absolutely regular processes. Here we shall apply our techniques to
the latter case, and prove a CLT for U-statistics of functionals of absolutely regular
processes under a set of conditions different from those in Denker and Keller [2T].

A crucial tool in our analysis are estimates that bound the difference between
integrals with respect to the joint distribution and the product distribution of dis-
joint sets of random variables, X;,, ..., X;, and X;, ,,...,X;. Such a bound was
first established by Yoshihara [49] for absolutely regular processes (X)n>1, and
we quote his result here for later reference. Let i1 < io < ... < 4; be integers
and let g : R’ — R be a measurable function. For j € {1,...,l — 1} we denote
by Ex, ... ,X,;jg(Xiu ooy Xijy oo, Xyy) the expectation of g(Xi,, ..., X, ..., Xy)
taken with respect to the random variables X;,, ..., X;;, with the remaining vari-
ables kept fixed.

Lemma 4.1 (Yoshihara). Let (X,,)n>1 be an absolutely regular process with mizing
coefficients (Bn)n>0, let 1 < i1 < i < ... < i be integers and j € {1,...,1 —1}.
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Let g : R! — R be a measurable function satisfying

1/r

(Bxiyox l9Xis o X)) <M

- 1/r
(EX,;l,...,X,;jEX,., xi, 19Xy, 7Xil)|> < M,

Gy

for some M >0, r > 1. Then

‘Exil,...,xi,g(Xm v X)) = Ex,ox, Ex

3 R

X g(Xin"- 7Xil) §4M6;/S;

i
s . 1 1 _
where d = |ij1 —ij| and -+ ¢ = 1.

Lemma 4.2. Let (X,,)nen be a 1-approzimating functional with constants (ax)i>1
of an absolutely reqular process with mizing coefficients (Bk)k>1, and let h(z,y) be
1-continuous in the sense of (2-I0). Assume that for some constants r > 1 and
M < oo we have

1/r

(4.9) (Exo.x, 1M X0, Xi)|") < M,
(4.10) (Ex, Bx, [h(Xo, Xp)|)"" < M,
for all k € N. Then

(4.11)

|Eh(Xo, X) — ExoEx, h(Xo, Xi)| < AM(Bli/a) + s ® + 26(asys)),

where s is such that % + % =1.

Proof. Let (X])nez and (X'),cz be copies of (X, )nez, as defined in Corollary[Z17]
Thus, the pairs of random variables (Xo, X ), (X}, X},) and (X, X}') have the same
distribution. Moreover, (Xo, Xj) is independent of (X{, X}/) and the properties (ii)
and (iii) of Corollary ZThold. Then we can write the L.h.s. of (EIT) as follows

+E [h(X7, X}) — h(Xg, X))

Define the events B = {| Xy — X} | < ax/3)} and D = {| Xy — X{| < a|x/3)}, and
note that P(B) > 1 — B3] — a|x/3) and P(D) > 1 — a|;/3). Then

E |h(X(/),7Xk) - h(X(/)lellc)llB < (b(a[k/SJ)

by the 1-continuity property of h. Here we have made use of the fact that X is
independent of X so that (2:10) holds. By Hoélder’s inequality we get

c £ 1/s

E|A(X{, Xk) = h(X{, X])|1pe < 2M (P(B)Y* < 2M (Brys) + appsa) !

Moreover,
E|h(X7, X}) — h(Xg, Xi)|1p < ¢(ajr/s))
where we have used (Z:10)) which holds here because (X}, )nen is a copy of (Xy,)nez.
Again, by Holder’s inequality we get
EIR(XY, X0) = h(XY, Xp)|pe < 20 (P(D)Y* < 2M (ajyss))

The last four inequalities together prove the assertion of the lemma. [l

The next lemma generalizes (ZIT)) to functions g : R! — R. Note that symmetry
is not required in this case.
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Lemma 4.3. Let (X,,)nez be a l-approzimating functional with constants (a)k>o0
of an absolutely regular process with mixing coefficients (B¢), and let g : R' — R
be 1-continuous in the sense of (ZI1)). Moreover, let i1 < iz < ... < i be integers
and assume that for some M < oo and j € {1,...,1—1}

(4.12) (Elg(Xi, .o X)) < M,
(4.13) (EX,;l,...,Xf,jEX,‘,J.JA,...,X,;[ Q(Xil,---,Xz'l)r)l/T < M,
then

[Eg(Xi o Xi) — Bxoooxy Exo oy, 900 X))

(4.14) < AM(Birys) + aaga))' + 20(a ),
where k = |ijz1 — ;| and 2 + 1 =1.

Proof. Without loss of generality we may assume that i; = 0 and ;41 = k. Let
(X} )nez and (X])nez be copies of (X, )nez as defined in Corollary[2.17 Thus, the
I-tuples (X;,,...,X;), (Xi,,...,X}), (X{!,...,X]) have the same distributions,

and (Xj,,...,X;,) is independent of (X7',..., X["). Moreover, properties (ii) and
(iii) of Corollary [2:17 hold. Then we can rewrite and bound the l.h.s. of {{14)) as

’Eg(X;;,... X Xipirseee s X)) = Bg(X .., X0)
< ‘Eg(X;;,... XU Xiirs s Xa) = Bg(X[ o XU XL XL
+‘Eg(X;;,... XUXL e XD = Bg(XL, .., XL

Define the events B = {Zi:jﬂ [ X, =X, | <apx}and D = {30 1X], - X[ | <

O‘L%J} and note that P(B) > 1 — Bk —ax) and PD)>1- a . Now,

1p < ¢(aL§J)’

by the 1-continuity property of g. Here we have made use of the fact that X/

217
ceey X{; is independent of X , Xy, so that may be applied. By Holder’s
inequality we get

217 11 1417

E’g(X” e XD Ko X)) = g(X0 e XDLXL LX)

2 ES R

E‘g(Xf’ XX,

117?

X)) —g(X[L L XPLX] LX)

w’ Li+1?

1/s

1o 1Bc

c\\1/s
In the same way, we find by the 1-continuity property of g

E‘g(X!'...,X;;,Xf XD = g(X e XLXL e X

% 2j+17 1 Lj+1?

1p < <Z5(04L§J)a

In this case we may apply (ZII) because X; ,... ,X{j,X( ...X! is a copy of

Li41? 2l

Xiys. .., Xi,. Again, using Holder’s inequality, we obtain

XX LX)

Lj+1?

[FIRERRE 1pe

<2M (Octgj)l/s.

Putting all inequalities together, we finally obtain (Z14]). O
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Theorem 7. Let (X,,)nen be a 1l-approzimating functional of an absolutely regular
process with mixing coefficients (Bi), and let h be a bounded 1-continuous kernel.
Suppose that the sequences (Bk)k>1, ()k>1 and (dlaw))k>1, satisfy the following
summability condition:

(4.15) > k(B + ak + dla)) < o0
k=1
Then the series
(4.16) 0% = Var (h1(Xo))* + 2 Cov (h1(Xo), h1(Xy))

k=1

converges absolutely and, as n — oo,

ViU, — 0) -5 N(0,402).

Proof. We make use of the Hoeffding decomposition for U-statistics,

n

Un = 0(F) + 2 3 (n(X) = 00F) + 2y 30 J(Xe X))

i=1 1<i<j<n
where 0(F) = [ h(z,y)dF(x)dF(y), hi(z) = [ h(z,y)dF (y) and J(z,y) = h(z,y)—
hi(xz)—h1(y)+6 (see Hoeffding [29]). The random variables g(X;) = hq(X;)—0(F)
are bounded and have mean zero. As h is 1-continuous, Proposition [2.11] states
that (g(X,))n>1 is itself a l-approximating functional of (Z,),>1. Moreover, the

summability condition (15)) on the corresponding sequence (¢(ay)) is that required
by Theorem @] Hence, from Theorem @] it follows that

% Y ((Xq) = 6(F)) — N(0,40%),
i=1

where 02 is given by ({16). Then the statement of the theorem will follow, if we
can prove that v/nR, — 0 in probability, where R, is defined by

P
Ro= —— T(Xi, X,).
n(n—1) 1<;<n ’

That this is indeed the case is established in the following lemma. O

Lemma 4.4. Under the conditions of Theorem [],

1
(4.17) Slrlsz - E J(X:, Xj) p < oo,
1<i<j<n

and hence \/nR, — 0 in probability, as n — oo.
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Proof. We can write

2
E Z J(XHX]) = Z Z E(J(Xi1vXj1)J(Xi2an2))
1<i<j<n 1<i;<j1<n 1<ia<ja<n
(4.18) = > BU(Xu, X)) (Xiy, X))

1<iy <ji1, ig<jp<n
i17i2 or j1#£j2
+ Z E(J(Xilanl)J(Xizvij))'

1<iy <ji1, i2<j2<n
11=12 and j1=j2

Note that J(z,y) is a degenerate kernel, i.e. that [ J(z,y)dF(z) =0 for ally € R.
Hence

Bx,

o U X T X)) = [ (X0 X5 T (X )P () =0,

and similarly for Fx EXI.2 , Ele . As both h and h; are bounded and 1-continuous,
this also holds for g(x1, x2, x3,x4) = J(21,22)J (23, x4). Thus may apply Lemmald3]
with 7 = co and get for i1 < is < j1 < ja

i1)

‘E (J(X’Ll ) le)‘](Xi27Xj2)) —Ex;, x

< 16(Bk + ax) + 2¢(aw),

i1 Xio, X5, EXJ‘Q (J(Xilanl)'](Xi27Xj2))|

where k = ||j2 — 71|/3].

In the elements of the first sum on the r.h.s of (EI8) at least one index is different
from all others, say, j2, and suppose i1 < is < j; < jo. Let d; be the ith largest
difference between consecutive indices. If d; = jo — j; then

|E(J (X, X5,)J (Xiy, X5,))| < 16(Bla, /3] + jay3)) + 20(ad, /3))-

Then

Z |E(J(Xi1an1)J(Xi27Xj2))|

1<ij <ip<j31<ja<n
d1=j2—j1

< 16 > (Blay /3] + aay 3] + ¢, /31))

1<iy <ig<j3 <j2<n
di=j2—j1

16712 E2(Br + ax + ¢lag)).

k=1

IN

If d; is not jo — j1 we apply Lemma twice to obtain

ElJ(Xs, Xj) J(Xiy, X)) <0 16(Blay/3) + alayys)) + 26(qa, /3))
+ 16(Bas/3) + tLdsy3)) + 20(t a5 /3] )
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and then
Z E[J(Xilanl) J(Xizvij)]

1<ig Sig<j1<jo<n
di#j2—J1

16 > (Blays + s + é(aas)
1<ij <ig<j3 <j2<n
di1#j2—Jj1

+ (Blda/3) + Qdyy3) + Pldoy3))
< 32n° Z E(Br + o + ¢(ax)).

k=1

IN

Estimating the sums in the other cases in the same way we get that the first sum
is bounded by

Z E[J(Xll ) le)J(Xizvij )] < Cn® Z k(ﬂk + ag + ¢(ak))
1<i1<j1, ig<jgp<n k=1

11712 or j1#j2

In the second sum there are at most n? terms, all are bounded, hence

Z E[J(Xilanl)J(Xilanl)] < Cn?.
1<ii#j1<n

Combining all the estimates above with the summability conditions on Gk, o and
ok, we get that

S Y EUXa. X)) J(Xi, X)) < On.

1<ii<jisn 1<ia<j2<n

From here, we obtain directly ([@IZ), which again implies weak convergence of
VnR, to 0. O

5. U-PROCESSES

This section is devoted to the study of the empirical distribution function of data
sets of the type {h(X;, X;),1 <i < j < n}, for some symmetric kernel 1 : R? — R.
Our main result will be an invariance principle for the empirical process when the
underlying observations are functionals of an absolutely regular process.

5.1. Motivation and examples. One of the main motivations for our study of
U-statistics of absolutely regular processes was the empirical correlation integral

2
Cu(r) = ——— 3 Igx.- .
") =TT e el

So far we have always viewed r as a fixed parameter, in which case C,,(r) is an
ordinary U-statistic. However, already the Grassberger-Procaccia estimator for the
dimension estimation involves the sample correlation integral evaluated at several
points ri,...,rm,. Therefore, in this section we will view C,(r) as a stochastic
process, indexed by r € [0, rg], for some ro > 0 and we will study the asymptotic
properties of this stochastic process.
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Definition 5.1. Let (X,,),>1 be a stationary stochastic process and let h : R™ —
R be a measurable symmetric function. Then

1
Un(t) == m Z Lin(xiyo Xa, )<ty tER,

m/) 1<ip <...<im<n

is called a U-statistic empirical distribution function or an empirical distribution
function of U-statistic type.

Observe that U, (t) is the distribution function of the empirical U-statistic distri-

bution ﬁ > 5h(Xi17~~~ ,X;,)» obtained by placing equal mass at each of the points

Xy X5, ), 1<y < ... < iy <n. Also note that for fixed ¢, Uy, (¢) is simply
a U-statistic with kernel (X, Xy, ) <t}

Example 5.1. (i) For m = 1 and h(z) = z, the corresponding U-statistic empirical
distribution function is just the ordinary empirical distribution function

1 n
Fu(t) = —~ D lixi<y
=1

of the data X1,...,X,.

(ii) The sample correlation integral is a U-statistic empirical distribution function
with kernel h(z,y) = ||z — y]-

(iii) This occurs also in many other applications, for instance, in the analysis
of the archaeological data, so-called “ley hunting”. Suppose X1, ..., X,, are obser-
vations from an unknown distribution G on R?, and we are interested in testing
randomness against presence of some collinearities in the data. For this Broad-
bent and Heaton (see Silverman and Brown [43]) suggested the following approach:
denote a(z,y, z)="“the largest angle of the triangle xyz”, and study the statistics

1
Tn(e) = (Z) Z ]_(Oé(Xi,Xj,Xk) >m— 6)
(i,5,k)
1<i<j<k<n

which is a U-statistic of degree 3 estimating
Oc(e) =Pa(X,Y,Z) > 7 —¢),

where XY, Z are chosen independently according to the distribution G. In this
case we are also interested in the behaviour of T),(¢) not for a fixed €, but for € on
some interval (0, €g].

The U-statistic empirical distribution function is the natural estimator for
U(t) = P(h(Y1,...,Y,) <t)

where Y7,... .Y}, are independent random variables, with the same marginal dis-
tribution function as the process (X, ),>1. In the case of independent observations,
U, (t) has many nice properties. Among other things, U, (¢) is unbiased, moreover
the minimum variance unbiased estimator of U(¢) and also consistent. The next
theorem shows that consistency also holds in the stationary, ergodic case. In the
formulation of this and of following theorems, we will restrict ourselves to bivariate
U-statistics, i.e. to the case m = 2.
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Theorem 8. Let (X,,)nez be a stationary ergodic process, and let h : R* — R be
a kernel satisfying [ [ 1(p(o,y)=eydF (z)dF(y) =0 for all t. Then

sup [Un(t) = U(t)] — 0
teR
as n — 0o.

Proof. This result can be established in the same way as the Glivenko-Cantelli
lemma for the ordinary empirical distribution function. The only difference is that
the U-statistic ergodic theorem of Aaronson et al. [I] has to be employed to get
pointwise convergence of U, (t) towards U (t). O

In many statistical applications, approximations for the distribution of the pro-
cess {Up(t) — U(t);t € R} are required. This is e.g. the case if one wants to
determine confidence bands for {U(t);t € R}. This motivates the study of the
empirical process of U-statistics structure {W,,(¢);t € R}, defined by

Wi (t) = Vn(Un(t) = U(1)).

Alternatively, W, (¢) is also called a U-process. Weak convergence of the empirical
processes of U-statistics structure to a Gaussian process was shown by Silverman
[42] and Serfling [41] for the case of i.i.d. random variables. Further properties
of U-processes were investigated by Dehling, Denker and Philipp [17], Helmers,
Janssen and Serfling [28], Nolan and Pollard [36], and others. For weakly dependent
observations, weak convergence of U-processes has been established by Arcones and
Yu [3] and Borovkova [I0]. Their results hold for absolutely regular processes. In
this section we will establish an invariance principle for functionals of an absolutely
regular process.
As noted above, for fixed ¢, U, (t) is simply a U-statistic, with kernel given by

(5.1) h(x, y;t) = Lin(z,y)<t}-

More generally, one can study U-processes indexed by any class of kernels H. In
what follows we will consider 1-dimensional classes of kernels that can be parame-
trized by a real parameter ¢ € [0,1]. We will denote the kernels by h(z,y;t), but
these are not necessarily of the form (&.TI).

Let

H = {h(z,y;t) : t € [0,1]}
denote a class of kernel functions, and let (X )nez be a stationary stochastic pro-
cess. We then define the processes ({Un(t),t € [0,1]})n>1, {U(t),t € [0,1]} and
{Wn(t),t €10,1]})n>1 by
2

Un(t) == Tl) h(Xi,X]‘,t),
i<n

U = / h(a,y, O)F (2)dF (3),
Wa(t) = Vn(Ua(t) = U(1)).
In our analysis, we need several assumptions on the class of kernels. We first assume
that for all z,y € R and t € [0, 1] we have

(A1) 0 < h(z,y,t) <1, h(z,y,0)=0,
(A2) h(z,y,t) is increasing in ¢, for fixed z,y € R.
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Define
RFE
Note that, if the kernel function h satisfies the conditions (A1) and (A2), then the
function hq satisfies analogous conditions, namely 0 < hi(z,t) < 1, hi(z,0) =0
and it is increasing in .
Moreover, we have to impose uniform Lipschitz conditions on Ex, x, h(Xo, Xk, t)
and Ex,Ex, h(Xo, X;,t). We assume that there exists a constant C' > 0 such that

(5.2) [U@)=U(s)] < Clt—s|,
(5.3) |(Eh(Xo, Xk, t) — ER(Xo, X1, 8))| < C|t— s

hold for all s,¢ € [0,1] and k > 1.

In this section we want to study the behaviour of the U-process called
({Wn(t),0 <t <1}),>1 when the underlying sequence is absolutely regular, resp.
a functional of an absolutely regular process. Under some regularity conditions, we
prove weak convergence of the U-process to a Gaussian process with mean 0 and
covariance structure

E (W (s)W (#)) = 4 Cov (h1 (X1, s)h1 (X1, 1))

(54) +4 {Z Cov (hl(Xl, S)hl (Xk—i-h t)) + Cov (hl (Xl, t)hl(Xk+1, S))} .
k=1

We can now formulate our main result.

Theorem 9. Let (Xp)nez be a 1-approximating functional with constants (ag)k>o0
of an absolutely regular process with mizing rate (Ok)r>0. Suppose that the class
of kernels H satisfies (A1) and (A2), that hy is uniformly 1-continuous (i.e. that
(ZI0) holds with the same ¢-function for all t € [0,1]) and that (Z3) and [Z3)

hold. Moreover assume that the following summability conditions hold:

(5.5) Ookz(ak-f-ﬂk)l/Q < 00,
k=0
(56) S o(var) < oo
k=0

in addition to (FI13) and (314). Then the process (W, = /n(U,(t) — U(3)),
t €10,1))nen converges weakly in D[0,1] to the mean-zero Gaussian process (W (t),
t € [0,1]) with covariance structure given by (5.4)). Moreover, the series (5-4))
converges absolutely, and the limit process W has continuous sample paths on [0, 1]
with probability 1.

Proof. According to Hoeffding’s projection method, U, (t) can be decomposed as

n

Unlt) = U(0) + = 3 (11 (X, £) = U(0) + Ra(t),
where
Roft) = oty 3 (X 0) = ha(X0t) = (X.0) + U (1)

1<i<j<n
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is the remainder of U, (¢). Then the process W, (t) can be written as

n

2n S (0 (X5, t) = Ult)) + ViR (t) = W) + ViR (1)

where
(5.7) = Z hi(X,t) —U(t)).

Note that the process {W)(t),0 < t < 1} has the form of an empirical process
indexed by the functions hq(z,¢). Thus, Theorem [§ implies that W, converges
weakly in D[0,1] to the mean-zero Gaussian process W with covariance structure
given by (6.4).

By Slutsky’s theorem, this establishes weak convergence of (W, )n>1 to the same
limit, provided we can show that the remainder terms {/nR,(t);0 < ¢ < 1} con-
verge in probability to 0. This convergence of the remainder term to 0 is the
essential part of the proof of weak convergence of U-processes. We present the
proof of it in the rest of this section.

5.2. U-process chaining lemma. The first lemma establishes conditions under
which an arbitrary sequence of processes converges to zero in probability uniformly
over an interval. Since it does not specify the form of the process or any dependence
structure, this lemma can be applied in a more general context and may be of
independent interest.

In this lemma we shall use the ordinary Lipschitz-continuity condition, so we
shall first remind the reader of the definition of a Lipschitz-continuous function on
[0,1]. A function f on [0, 1] is called Lipschitz-continuous if for all s,¢ € [0, 1] there
is a constant C such that

(&) = f(s) < Clt = s].
In what follows C, Cy, Cs, ... denote some positive constants.

Lemma 5.2. Let {X,(t), t € [0,1]}nen be a sequence of R-valued stochastic pro-
cesses with X,,(0) = 0 a.s. Suppose that for some positive constants a, 3,y with
a <1 andy <1 the following two conditions hold

(i) There exists a Lipschitz-continuous function f on [0, 1] such that

(5.8) E|X,(t) — X, (s)* < W);# , Vs, te[0,1].

(i1) There exist a Lipschitz-continuous function g, a monotone Lipschitz-continu-
ous function A and stochastic processes {Y,(t),t € [0,1]}n>1 satisfying

(5.9)

E[Y,(t) = Ya ()" < Ci[(9(t) — g(s)'" + %(9(15) —9(s))
for somer >0, 0 < h <1, such that for all s,t,0 with0<s<t<s+6<1:
(5.10)

14+h

2], Vs, tel0,1]

[ Xn(t) = Xn(s)] < [ Xn(s +0) = Xn(s)[ + [Yn(s +0) = Ya(s)]
+|A(s+0) — A(s)| - n™.
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Then

sup |Xn(t)] — 0 in probability,
0<t<1

whenever a(l —v) < B.

Proof. For k =0,1,2,..., K (we shall specify K later) we introduce refining parti-
tions of [0,1] into 2* subintervals, 0 = sék) < sgk) < éi) =

that for any i = 1,2, ..., 2%

1, in such a way

(5.11) s — 5B | < 2k,
Then we get, due to Lipschitz-continuity of A that
(5.12) Ay — AP <2k

For t € [0,1] we denote by ix(t) the index of that point of the kth partition that

(k) (k) (k)
1s(kci(1))sest to t from the left, i.e. such that Si(t) <t<s NOREE Note that Sin(t) <

Siir(t) B the (k + 1)th partition is a refinement of the kth. In this way we have
obtained a chain

(0) (1) (K) (K)
0=5;00 S8, S S8, S <S8 (41

and we can write

K
_ (s (k=1) (K)
=2, ( n(8i0) X"(Sikfl(w)) + (X"(t) - X"(Sm(t))) '

k=1
Then
X, (1) < Xa(sih) = X (s
o2, O = g Pnloun) = Xnlou)
2)
b e ato) =Xl -
(K) (K-1)
+ iK?l{%&)L,)i{K(t) |Xn(5“((t)) — Xn(six_l(t))|
+ sup |Xn(t) = X (st )
RES) " B
IK(t)St<9LK(f>+1
By (510) and (12)
K K K
sup |Xu(t) = Xn(slp )| € max | Xa(sih () 0) = Xa(si)
Sy g0 i ()
Sig (0 SESip o+
(K) (K)
+ff;3(tg<|y n(s zK(t)-i-l) - Yn(six(t))l
+C -2 Ko,

Now, let € > 0 be given and take K = [alog, n+log, %]—l—l, so that C-27Kn® < £
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1 1
Then, as > o, w17 < 3

A ETE

0<t<1

K
(k) X, (s ‘
<3P Xnlsig) = Xnlon )l > gy
=1 (’Lk %E)L)z{k(t) | n(szk(t)) n(szkil(t))l (k + 2)2>

(K) ¢
<gl<%§(|X Sty 1) ~ Xn(i o)l > (K+3)2>

(5.13)
K) (K) €
+ P (f?{%f'y (s zK(t)-‘rl) Yu(s zx(t))| > m) .
As the partitions are nested, we have that either s(k Vo= W o s(k Vo=

1(t)

i (t)
Ekz 1)+1- Hence by Chebyshev’s inequality, (.8) and (G.11)

1(t)

*) N _ (k=1) €
(514) P (ik ll’n(ti)%}z(k(t) |Xn( zk(t)) Xn(sm 1( t))| > (k+2) )

< ZP <|X (sM) = X (s8] > W;?)J

(k)

£ = £8P (k + 2)*
SZ nBe2

Cilk +2)' o~ o) _ )y o Cob+ 2T i)
—W?' —salt < = a2

In the same way we get

(5.15)

(K) (B € Cs(K+3)" )
F ($%£|X ( ZK(t)+1) Xn(siK(t))| - (K+3)2> = nPe2 2 .

Similarly, by Markov’s inequality and (5.9) we have

(K) (K) €
(5.16) P (gl(%gIY (i t10y) = Yn(Sip ) > m)

5 ZP (|yn<sy<>> D > )

K—|—4

(5% — v, (s5))

14+h
MK NPTy
SC o 2 2K +n 2K

M .9—Kh

ET‘

<
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1th
as % <C (QLK) ® by our choice of K and the conditions imposed on h and «a.

Finally, combining (5:14)), (5.15) and (5.16) with conditions on «, 3,y we obtain

CsK(K +3)* Cu(K + 4)2r
P ( sup | X, ()] > 6) < % SR (=) 4 Gu(E +4)™ 9—Kh
0<t<1 nPe €r
w pat—m—s y ClE T o
— € E,,, )
because (K + 3)? = (alogyn + log, % +4)P =o(n") for any 7,p > 0. O

Chaining techniques as explored in the proof of Lemma are well-known and
widely applied in the theory of empirical processes. In distinction to known results,
Lemma allows for an extra random term Y;, in the bound (EI0). This makes
Lemma applicable to U-processes where Y,, will be the first order term in the
Hoeffding expansion. The second distinctive feature is the fact that only second
moment bounds are required, thus avoiding technically involved higher moment
caculations. This is made possible by the extra n~? term in (58], an idea exploited
earlier by Dehling and Taqqu [I8] in their proof of the invariance principle for the
empirical process of long-range dependent sequences.

5.3. U-processes for functionals. In this section we will finish the proof of The-
orem @l What remains to be done is to establish the following result.

Lemma 5.3. Let the condition of Theorem [d be satisfied. Then

sup /n|R,(t)| — 0 in probability, as n — oo.
t€[0,1]

In the proof of Lemma B3] we will make use of Lemma [E2, which requires a
bound on the increments of R,. We formulate this bound as a separate lemma.

Lemma 5.4. Under the conditions of Theorem[d, there exists a positive constant
C such that

(5.17) E (Ro(t) — Ru(s))* < M
for all s,t € ]0,1].

Proof. Note that R, (t) — R, (s) can be written as

2
Ru(t) — Rn(s) = oy — Z J(Xi, X;)
1<i<j<n
where J(z,y) = Joi(x,y) = (h(z,y,t) = h(z,y, 8)) = (ha(2,t) = I (2, 5)) = (b (y, 1) —
hi(y,s)) + (U(t) —U(s)) (in what follows we will drop the index on J(z,y) hoping
that this will not give rise to confusion). Then the L.h.s. of (5.17) becomes

BRAD) - Ba(s)? = s Y B X)X X)),

1<iy<ji<n
1<iz<ja2<n

Note that J is a degenerate kernel and that hence Ex, J(X;,, X, )J(Xi,, Xj,) =0
provided js is different from the other three indices, and likewise for any other index
occurring only once in {i1, jo, 2, j2 }.

We now order the indices i1, j1,2,j2 and denote by d;, ¢ = 1,2,3, the ith
largest difference between two consecutive indices. Suppose for a moment that

n
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i1 < 19 < j1 < jo—other orderings may be treated in a similar way. Then we have
to distinguish between two cases, namely (i) d; = jo — j1 (or di =2 — i1) and (ii)
dy = j1 —ia. We begin with case (i), assuming specifically that d; = jo — ji. Let
do = do(n, s,t) denote an integer whose specific value will be chosen later. Then if
dy > dg, we apply Lemma 3] with s = ¢ = % to obtain

[N

|E(J(Xi1an1)'](Xi27Xj2)) < MS,t (O‘L%J + ﬁ[%lJ) + ¢(O{/déj)

where

My = max {(BIJ(Xe,, X;) T (Xig, X))

(EXjQ EXil Xy Xig |J(X11 ) le )J(X’i2 ) Xj2)|2)1/2} :

Recall that h(z,y,t), hi(x,t) and U(¢) are all increasing functions of ¢, with values
between 0 and 1 and that Ehq(X,t) = U(t). Thus
E(J(X:, X)) < 42{EX, Xj,t) — X, X, 8))
+2 E (h(Xi,, 1) = h(Xi,, 8)) + (U(t) = U(s))}
P{E (WX, Xji,t) = WXy, Xj1, 8))
+3(U () — U(s))*}

IN

and similarly

EXf,l Xj, (J(Xil ’ le))2 < 43(U(t) - U(S))
Thus by the conditions imposed on h and U, we get that

M, < C|t — s|*2.
If di < dop, we use the fact that |J(x,y)| < 2 to get the bound
(5'18) El‘](X'il ’ le)‘](XiQ ) Xj2)| < 2E|J(Xi1 ' Xy )| < Clt - Sl'
Putting these together, we obtain
Z E|J(Xi17Xj1)J(Xi2an2)|

di1=j2—J1

= Z E|J(Xi1vXj1)J(Xi27Xj2)|

d1=j2—j1;d1<do

+ Z E|J(Xi1an1)J(Xi27Xj2)|

d1=j2—j1;d1>do

<c Yt

di1=j2—j1;d1<do

1/2 .
L2 4 (ol
o Y ((at% +Blayy) ls =4 +¢(atdslj)>

di1=j2—j1;d1>do

n 1/2 n
< Cn {dg|t —sl+ > d (am + ﬁL4J> s —t['/2+ ) d%(at@}
3 3 3

d=1 d=do
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Note that (56]) implies that

Y dola) < O3 dolag”)
d=do d=do
C & 5,172 3
< $Zd¢(ad ) < C/dg.

0 d=d,
Thus, choosing dy = |t — 5|7'/®, we may conclude that

(519) Z E|J(Xi1an1)J(Xi27Xj2)| < Cn|t—s|1/2.

1<iq <ig<ji <jo<n

- di=ja—j1
We now turn to case (ii), i.e. di = ji1 —i2. Again, let dy = dop(n,s,t) denote an
integer whose value will be chosen later. Then, if di > dy, we apply Lemma
again to get

|EJ(Xiy, X5,)JJ (X, X))l <0 1Ex, x,, Bxy,oxg, (X, X5y) I (X, X5,)|

i1 )

1/2 1/2
M (agg ) +Aay) " +olall)

where again as above we find that M, < |t — s|1/2. If di < dp, we use the estimate
(E18). Then we obtain as in case (i) the estimate

Z |EJ(Xi1an1)J(Xi27Xj2)|
1<iy <ig<j1<ja<n
di=j1—1%1
) ) . ) 1/2
< Z |EX7:17X1‘,2 Ele,XjQ J(thvle)J(XwaXh)l +Cn|t_ 5|
1<ig <ip<jp<je<n
di=j1—1%1

In treating the sum on the r.h.s., we have to distinguish the cases where ds = i — i3
and where do = jo — j1. As both yield the same result, we may assume that
ds = jo — j1. Then again, if do > dy, we apply Lemma 3] to find

1/2 1/2
|EX1'17X1'2 Ex;, Xjo J(Xi17Xj1)J(Xi2an2)| < Ms,t (aLL%ZJ + ﬂ[%]) + ¢(a {iQJ)

J1» LT

If do < do, we apply again (BI8). Put together, we find

Z |EX7:17X1‘,2 Ele,XjQ J(Xilejl)J(X’inh)l

d1=j1—i1;d2=j2—Jj1

1/2 12
<cC 3 (Ms,t (ayaz) + Baz ) +¢(aL?J))

di1=j1—1i1;d2=j2—7J1;d2>do

+ Z (Clt — s]) + Cnlt — s|*/?

di=j1—11;d2=j2—J1;d2<do

where again M, < |t — s|'/2. The first of the three terms on the r.h.s. is bounded
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by

n 1/2
Cznzd(O‘ng"‘BL%J) It —s|/2 < On?|t — 5|2
d=1

We now choose dy = |t — s|’1/ 4 and get the following upper bound on the second
term:

n
1/2 2 1/2
< d
2 doys)) < D n'ddlayy)
1<iy <ip<jy <jp<n d=do
di1=j1—11;d2=j2—J1;d2>do
n
_ 2 1/2 i 20 o(1/2
= n?y de(as)) < =" It — s|t/2.
d=do
Finally, we obtain
Z (Clt — s]) < n?d2|t — s| < Cn?|t — s|'/2.
1<iy<ig<jj<jo<n
d1=j1—11;d2=j2—7J1;d2<do
All these estimates together prove the statement of the lemma. O

Proof of Lemmal5Z3 In our proof, we want to employ Lemma with X, (t) =
VnR,(t). Observe that, according to (BI4d), condition (B:R) of Lemma holds
with v = % and 0 = 1. Moreover, we get for any s,¢,0 > 0with0 < s <t <s+§ <1
we have
1
Rn(t) — Rn(s) = nln 1) Z [(h(Xi, Xj,t) — h(Xi, X, 8))
1<i#j<n
— (M(Xi, 1) = ha(Xi, 8)) — (ha (X, 1) — ha(Xj, 5))
+ (U(t) = U(s))]

< %_1) S (WX, X5+ 8) — h(X;, X, 9))
mn 1<izj<n
((Xi, 54 8) — hi(X1,8)) = (A (X, 5+ 8) — hi (X5, 8))
+ (U(s+8) = U(s))]
m > [(h(Xiys+0) — hi(Xy,9))
1<i#j<n
+ (X, s+ 6) — h(X, )]
< |Rn(s+5)—Rn(s)|+%|Z[(h1(X¢,s+5)—U(s+6))
=1
— (h(Xs,8) = U(s)| + 21U (s + ) — U(s)]
< Ras +8) = Ba(s)] + —=[Wi(s +6) — Wi(s)]

Tn
+2[U(s+9) = U(s)|
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Ra(s) = Rult) = ——— 57 [(h(Xs, X;,5) — h(Xs, X, 1))

n(n =1 Fen
— (hi(Xi, 8) — ha(Xi, 1)) — (1 (X}, 8) — ha(Xj,1))
+ (U(s) = U(1))]

< |Ru(s +6) — Ru(s)|

SR S N ({16 ) I 1Y )
nn=1) i Fen

(X0 8) — (X)) + (ha (X5 1 6) — (X, 5)
=+ (hl(Xi, s+ (5) — hl(Xi, S))]

< % Z[(hl(Xm s+0) = U(s+6)) — (h(Xi,s) —U(s))]
+ AU (s + h) = U(s)]

< [Rals +06) = Ru(9)l + —=IWi(s +6) — Wi(s)]

Tn
+4{U(s+ h) —U(s)],

from which it follows that
VIR, (t) = Ru(s)| < Vn|Ru(s +6) — Ra(s)| +2|Wy (s +6) — Wy (s)]
(5.20) +4v/n|U(s +0) — U(s)].

where
Wi(t) = % > () ~U (),

as in (B.7). Note that (5.20) is the representation (5.10) of Lemma for the
process /nR,(t).

Finally, condition (5.9)) of Lemma [5.2] holds for W/ (¢) with r = 4 by an appli-
cation of the fourth moment bound (B3:19). Thus, by applying Lemma [5.2] to the
process /nR,(t), the statement of the lemma follows. O

6. APPLICATIONS TO DIMENSION ESTIMATION

In this section we shall study applications of Theorem 0]to dimension estimation.
This involves verification of the conditions on the kernel function as well as on the
mixing behavior of the process.

We assume that the data sequence (X,,)n>0 is generated by a weak Bernoulli dy-
namical system. We assume that the conditions regarding the mixing rate (8x)x>0
and the 1-approximation rate (ay) are satisfied (see e.g. Section 1). We denote by
F the marginal distribution of the sequence and we assume that F' has compact
support. In this section we will drop the assumption that the X,,’s are real-valued,
noting that the results of the previous sections are then still valid.

When estimating correlation dimensions by the Grassberger-Procaccia method,
we have to study the sample correlation integrals

2
Un®) = =D > Hixex,i<n

1<ij<n
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which is a U-process with kernels h(z,y,t), 0 <t < rg, given by

h(@,y, t) = 1{ja—y|<t}-

Without loss of generality we will and may assume that 7o = 1. The terms of the
Hoeffding decomposition are given by

[ iz @) = Pz - Yl <),

hl (J?, t)

Uy = / / 1 jey<y AP (@)dF(y) = P(|X — Y| < 1),

where X and Y are independent random variables with distribution F.

As the monotonicity and boundedness conditions (A1) and (A2) on the class of
kernels {1{jjz—y|j<t},0 < t < 1} are automatically satisfied, it remains to verify (5-2)
and (B3) as well as the uniform l-approximation condition. Using the arguments
of Example 2] the kernels h(z,y,t), 0 <t < 1, are uniformly 1-continuous with
modulus of continuity ¢(e) if

Plt—e<|Xo—Xil| <t+e)
Pt—e<|X-Y| <t+e)
holds for all 0 < ¢t < 1, ¢ > 0, k > 1, where X and Y are independent with
distribution F. These inequalities again follow, with ¢(¢) = 2C¢, if we can show
that
(6.1) P(s<||Xo—Xi|| <t) < 20|t - s,
(6.2) Ps<|X-Y|<t) < 20—
holds for all s,¢ € [0,1], s < ¢t. As (@J]) and (@2) also imply (&2) and B3, it
suffices to establish (61]) and (E2).
In general, ([6.2]) will be easier to verify as it only involves the product distribution

F x F. If F has a bounded density with respect to Lebesgue measure, || X — y|| also
has a bounded density and thus

P(s <[ X Y| <t)<Mlt—s

<
<

where M is an upper bound on the density of || X —Y||.
Alternatively, ([62) holds if the correlation integral obeys an exact scaling law,
ie. if
Ut) =ct®, 0<t<to,
where the exponent « satisfies o > 1. Then, according to the mean value theorem,
we have for 0 < s <t <ty

U(t) —U(s) =t — s = (t — s)ac™ ",

where & € (s,t). Note that a&*~! is bounded as o > 1 so that (£2) holds.

In general, (6.1) will be much harder to verify as it involves the joint distribution
of X¢ and Xj. If the pairs (X, Xj) have joint densities that are uniformly bounded
by some constant M, then (GII) holds.

For many dynamical systems joint densities will not exist and we have to verify
(60) in some different way. One example where this is possible is the doubling map
tr = 2z [mod 1] on the unit interval [0,1]. The invariant measure in this case is
Lebesgue measure on [0, 1].
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Expressing X in the dyadic expansion as Xy = 0.a1as .. Zz 1 5+, we obtain
X1 =0.az2a3..., and thus Xy = % + 4. Hence
X1 aq
X1 —Xo=— - —.
1= X0 = 5

Now, conditionally given a; = 0, the difference X; — X has a uniform distribution
on [0, %] Conditionally given a; = 1, the corresponding distribution is uniform on
[—3,0]. Put together, we see that X1 — X has a uniform distribution on [—3, 2]
so that P(s < |X; — Xo| <t) =2t —s|for 0 <s <t < 1.
In a similar way we can treat the general distance X — Xg. In this case Xy =
ok + Zz 1 5+ and hence

k
Xp — Xo = Xp(1 -y

i
i=1

Now, the first term on the r.h.s. has a uniform distribution on [0,1 — 2%] Condi-

tionally given fixed values of aq,... ak, the difference X — Xj is thus uniformly
distributed on [— Zf L5k — Zf L ot 75]. For k > 2, these intervals over-
lap. A short analysis shows that the mterval [32—, Qj—k] is covered by 2% — j inter-
vals of the type [— Zle 5k — Zz 15+ 11— i,c] for various values of ay,... ,ak.
Hence the difference X; — X has density (1 — 35)/(1— 5¢) = 31:1. on the interval
[7211, 2k] j=1,2,...,2% and symmetrically on the negative half-line. This density

is bounded by 1 and thus P(s < | X — Xo| <t) < 2|t —s], forany 0 < s <¢ < 1.
A more complicated example for which the condition (6]) can also be verified
directly, is the torus automorphism on the 2-dimensional torus 72 = S* x S*, given

by
Tx = Ax mod 1, x—<x1> with A—(l 1>.
X9 10

Let Xo = (f(é) be uniformly distributed on 72, i.e. X3'? ~ U[0,1]. Then

_ gk _( fr frk X,
Xx = A"Xgmod 1 = ( Feor Foo ) X (Xg) mod 1,

where f; are Fibonacci numbers, and
ko o fe=1 fr X5
(A" = NXpmod 1 = ( For foa—1 ) X (Xg mod 1

_ (fr = DXg + fr1 X3 >
(6.3) = (fk—lXé + (foos — 1)X2 mod 1.

Both X} and X2 are distributed uniformly on [0,1], and, since all entries of the
matrix in (63) are integers and everything is taken modulo 1, both coordinates of
the vector Xy, — X are also distributed uniformly on [0,1]. Suppose for norm in
R? is taken maximum norm (which is the usual choice in these applications), or
either of the coordinates. Then, for all ¢,s € [0, 1]

Xk — Xo

P(s < || Xi — Xol| < ) = |t — s|

and the condition (B.1]) is satisfied in this example as well with equality and C' = 1.
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